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CHAPTER |

On Bicomplex Lorentz Sequence Space

Gokhan ISIK!
Cenap DUYAR?

1.Introduction

The widely known appendage of the complex number field to
the four-dimensional field is by a work titled "Algebra on
Quaternions or a new imaginary system" by W.R. Hamilton in 1844.
As an idea, Quaternions emerged by take into account three
imaginary units (i, j, k), where k = ij, which are non-commutative.
The importance of the speculation of quaternions is that it creates a
field in which entire known operations can be carried out. Loss of
commutativity can be considered as a deficiency. Although from a

1 Samsun Directorate of National Education, SAMSUN

2 Prof.Dr., Ondokuz Mayis University, Faculty of Sciences and Arts, Department of
Mathematics, SAMSUN
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fully algebraic point of view the deficiency of commutativity is not
such a horrible problem, in some studies it poses many hardship, for
example, when we try to expand the fertile speculation of
holomorphic functions of a complex variable to quaternions.

Therefore, it is not illogical to think whether a four-dimensional
algebra that includes C as the lower algebra could be included in a
way that conserves the commutative property. It is not surprising that
this is done by taking into account two imaginary units i,j by
publicity k = ij (even as in the quaternionic case), but now majestic
ij = ji. This converts k to the hyperbolic imaginary unit, i.e.
something like k? = 1. As far as is known, J. Cockle wrote a series
of articles in 1848 regarding these new algebra studies. Cockle’s
work was absolutely encouraged by Hamilton’s and he was the first
to use tessarin-algebra to insulate the hyperbolic trigonometric series
as components of the exponential series. Not surprisingly, Cockle
instantly noticed that there was a price to be paid for commutativity
in four dimensions, and the compensation was the asset of zero-
divisors.

Only in 1892, inspired by the study of Hamilton and Clifford,
did the mathematician Corrado Segre introduce what he named the
algebra of bicomplex numbers, the equivalent of tessarine algebra.
In his individual papers, Segre recognized that the elements ((1+ij))2
and ((1-1j)y2 are idempotent and play a head role in even complex
number speculation . After Segre, several other mathematicians,
notably (Spampinato, 1935, 1936) and (Scorza Dragoni, 1934),
advanced the first basics of a speculation of functions on even
complex numbers.

The subsequent grand breakthrough in the work of bicomplex
analysis was the work of J.D. Riley in 1953, in which he further
advanced the speculation of functions of bicomplex variables.
However, the most significant contribution was undoubtedly the
work of G. B. Price (Price, 1991); here the speculation of
holomorphic functions of two complex variables (as well as very
complex variables) was fully developed. Until this monograph, the
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work of G. B. Price is accepted the foundational study of this
speculation.

However, recently there has been a significant revival of interest
in the work of holomorphic functions on one and several pairs of
complex variables, as well as in improvement functional analysis on
spaces having a build consisting of modules on two rings of complex
numbers. B. Sagir one of those who carried out these studies has
carried out many studies on BC.

We now explain the content of this study. First of all, the
bicomplex number BC is introduced and its features is explained
with examples. Hyperbolic numbers, which are a subset of the
bicomplex set, will be mentioned. A hyperbolic-valued norm is
defined. The measure space is introduced and accordingly the
Distribution, Decreasing rearrangement and Average function
definitions of a function is made. Without changing the basis of these
definitions, by using the set of Hyperbolic numbers and the
Hyperbolic valued norm, the D -Distribution, D -Decreasing
rearrangement and D -Average functions of a sequence with
Bicomplex terms are created and the properties of these functions
are examined.

Definition of Bicomplex Numbers

The members of set represented by BC = {z; + jz,: z;,2z, € C}
is called bicomplex numbers, where C is the set of complex numbers
with the virtual unit i, and also where i and i # j are commuting
virtual units, i.e., ij = ji = k, i* = j2 = —1 and

k? = (i)? = () = iGDj = i@)j = GO0 =i%? = 1.

So bicomplex numbers are “complex numbers with complex

coefficients”, which express the name of bicomplex, and in what

follows we will attempt to emphasize the similarities between the
feature of complex and bicomplex numbers.

Any two elements in the set of bicomplex numbers can be added
and multiplied. Let u =u; +ju, and v=v; +jv, are two
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bicomplex numbers, the formulas for the summation and the product
of two bicomplex numbers are given by

u+v=_(uy +v)+jlu, +v,) (1.1)
and
u-v= (v, —uyvy) + ju vy + uyvy) (1.2)

respectively. According to operations (1.1) and (1.2) described
above, the set BC is a commutative and unitary ring with
1]]3;«: = 1 +] . 0

Example 1. Investigate whether the bicomplex number
u = (2—1)+j(1 + 2i) isinvertible in the BC space.

Solution. Assume that
ul =v=v+jv, = (g +iy) + g +iy,)

with (x4, vy, x5, v,) € R%*. Then

u-v=(Q2-0)+j0+2)) ((y +iy) +jlx, +iy3))
= (2x1 +y1 — X2 + 2y,) +i(—=x1 + 2y, — 2%, — )
+j(x1 = 2y1 + 2x5 + y,) + 1 (2x1 + y1 — x5 + 2Y5)
=14+j-0
and hence a system of equations

2x1+y1—x,+ 2y, =1
—X1+2y; —2x,—y, =0
X1 — 2y, +2x, +y, =0
21 +y1—x, +2y, =0

(1.3)

is obtained, if the coefficients of the mutual imaginary components
in this equation are equalized. Since the system of equations (1.3)
has no solution, u = (2 — i) + j(1 + 2i) has no inverse in BC.
Then, since every element of BC is not invertible with respect to
multiplication, we can say that BC is not a field.



In addition, when z, = 0in z = z; + jz,, thatis, z = z,, the set
of these numbers is represented by C(i). If the z; and z, coefficients
are real numbers, that is, z = x; + jx, with x4, x, € R, the set of
those numbers is represented by C(j). C(i) and C(j) are isomorphic
fields but coexisting internal of BC they are distinct. We will see
many times in what follows that there is a specific asymmetry in their
attitude.

Definition 1. The set of hyperbolic numbers is described by
D ={x+ky:x,y € Rk = ij},
where k is a hyperbolic virtual unit, i.e., k2 = 1. In the studies
conducted in the current literature, hyperbolic numbers are
sometimes called duplex, double or bireal numbers. The following
subsets D* and D*\{0} of D are called non-negative and positive
hyperbolic numbers, respectively:
D* = {x + ky:x? —y2 > 0,x2? > 0} (1.4)
D\{0} = {x + ky:x? —y2 > 0,x? > 0}. (1.5)
Similarly, non-negative and negative hyperbolic numbers are
defined as follows:
D™ ={x+ky:x* —y%?>0,x?> <0} (1.6)
D\{0} = {x + ky:x? — y? > 0,x%2 < 0}. (1.7)
Idempotent Representations of Bicomplex Numbers
Consider the bicomplex numbers e; = 1;” and e, = 1;—” It can be
easily seen that e; -e, =e,-e; =0. There are also equations
(e)™ =eq, (e)™ = e, with n > 2. For any bicomplex number
u = u, + ju, € BC, we have

U +iuy +ug —iuy, Uy +iug Huy — iy
v 2 J 2

LU —ilUuy Uiy U —iuy U iU

~ T2 T2 ( 2 2 )
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u; —iu u; +iu
=———+iN+=——0+i)

= (ul - iuz)el + (ul + iuz)ez = 6191 + 62@2 (18)
with §; = (u; — iuy) and 6, = (uy + iuy) in C(i). This equality
(1.8) is named the C(i)-idempotent representation of the bicomplex
number u.

Similarly, along with the coefficients in C(j), there is also a
representation of the bicomplex number u with respect to e; and e,.

As a result, any bicomplex number has an idempotent
representation with its coefficients in any of C(i) or C(j), that is,
u = 6131 + 6262 = p1€61 + P2€7 Whel’e 61, 52 € C(l) and
p1, P2 € C(j).

A Partial Order on The Set of Hyperbolic Numbers

Let u and v be two elements of the set D*. If u — v € D*, that is,
u — v is a hon-negative hyperbolic number, then we write u > v or
v < u, and also u is said to be D-greater or D-equal than v, or that
v is D-less or D-equal than u.

If u=u,e; +uze, and v = vye; + vye,, With real numbers
uq, Uy, v; and v,, we have

VSUS VU SU; A vy < U, (1.9)

Also u is a (absolutely) positive hyperbolic number, then it is
reversed and its inverse is also positive. Additionally, if u > 0and
u <wv, thenv™t > 0and v=! < u~?! (Luna-Elizarraras, M.E. & et
al., 2015).

The Hyperbolic-Valued D-Norm on BC

A function |.|, defined from BC to Dt with
lul, = lu,le; + |luyle, for each u = u e + u,e, € BC provides
the following properties.
N;) Since |u;| = 0and |u,| =0 for au = (u e, + uyey) in
BC, we have |ul, = |uqle; + |luyle, = 0ey + 0e, = 0.
—11--



Ny) Let |ulg = |uile; + |uzle; = 0 = 0e; + 0e, for any
u = (use; + uye,) € BC. Hence |u,| = 0 ve |uy| = 0, namely,

u = O0e; + 0e, = 0. Itisclear that [u|;, = 0 whenu = 0.
N3) Letu = (u e, + uye;) in BCand A in D. Then
[Auli = |(A1e1 + Aze2) (ureg + uzer) i
= |(A1ure; + (Aauz)e; |k
= |Liuqleq + [Azuz]e;
= A llugley + 12z11uzle;
= (|41leq + [22]ex) (luqles + luzles)
= [Aglulk.

N,) Let u and v with u = (u.e; +uye,) and
v = (v,e; + v,e,) be two elements in BC. Then

lu+ vl = [(weg + uze;) + (vieg + vaer)lk
= |(uy + v)e; + (uy +v2)esli
= luy + vileg + |up +vs5le,
< (lwal + [viDey + (lual + [v2De;
= (lugles + luzlez) + (lvileg + [v2ley)
= |ulk + [Vl

As a result of the conditions N,), N,), N3) and N,), it is seen that
||, is @ D-norm. This norm is named the hyperbolic-valued norm.

Distribution Functions

A collection G of subsets of a set G is named a ¢ —algebra if it
supply the following circumstances:

i. Geg.

ii. SeGthenG\S € G.
-12--



iii.If (I.), € G isasequence, then Uz_, I € G.

The couple (G, §) is named a measurable space and each element of
G is named a measurable set (Halmos, 1978).

Let G be a o-algebra. A function u: G — [0,0) is named a
measure, if it supply the following circumstances:

i u(@) =0,

i u(Upzy Iy) = 2=, u(,) for any sequence (I), of
pairwise disjoint sets from g, that is, I, N I; = @ for j # k.

Additionally, the trinity (G, G, u) is said a measure space.

Definition 2. Let (G, G, ) be a measure space and M (G, §) be the
set of all measurable complex-valued functions on G . The
distribution function D, of a function g in M(G, G) is given by

Dy() = p{x € G:|g(x)| > 1 = 0} (1.10)
(Castillo & Rafeiro, 2015).
Decreasing Rearrangement

Definition 3. Leta g € M(G, §) be given. The function determined
as

g'(®) = inf{A=0:D,(D) <t} =sup{2 = 0:D;(A) > ¢t} (1.11)

is described the decreasing rearrangement function of g. According
to this definition, it is clear that the function g* is defined from [0, o]
to [0, o] (Eryilmaz& Isik, 2019).

Definition 4. Let a g € M(G, G) be given. The average function of
g, which we will denote by g**, is defined by

m

g7 (m) = %]0 g @®)dt,m >0 (1.12)

(Ery1lmaz& Isik, 2019).
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2. D-Distribution and D-Decreasing Rearrangement
Functions of Sequences with Bicomplex Terms

Let Wpy be the set of sequences with all bicomplex terms and G be
the power set of N, namely G = 2N, and u be counting measure on
g.

D-Distribution function

In the definition of the D-distribution function, a sequence with
bicomplex terms instead of the measurable function and the non-
negative hyperbolic number instead of the non-negative real number
in definition of general distribution function, given in (1.10), is used.

Definition 5. Let w= (u(n))n with

u(n) = u,(n)e; + u,(n)e, be a arbitrary sequence in BC and a
number A,e; + 1,e, =1 € D* be given. The D -distribution
function D,, of « is defined by

D,(A) = Dy, (Ae; + D,, (A2)e;. (2.1)

Definition 6. A function 4 defined from D* to D*, is called a D-
decreasing function, if there is a D -inequality A(B) < A(a),
whenever a < 3.

Lemma 1. Let A be an element in D with A = A;e; + A,e, and 6 be
an element in D with § = §,e; + §,e,, 8 # 0and §, # 0. There

exist the equality
A A N Ay
— — 136t 6
161, 16,1 " 162 2

Proof. We have
A e+ e, e Aye,
|61 |61leq +18;1e;  |81leq + [8,1ex — [81les + |631e,

_ Aeieq 4 Arese,
(1611e; + 18,1e)es — (1611e + 18;]ez)e,

-14--



Aeer Aee, A4 4 A,
= = e e,.
|61 eq |62 e, |64 ! 16,1 2

Theorem 1. Let « = (u(n)) and v = (v+(n)) be two sequences in
Wegc and 4, 6 and ¢ be in D*. Then, the following features are
satisfied:

a) D-distribution function is D-decreasing.

b) If |[v(n)|; < |lu(n)|y forall m = 1,then D,(1) < D, (1).

¢) D.,,(1) =D, (ﬁ) for all c € D*, where ¢ = c,e; + e,
and c; # 0 # c,.

d) Dyre1+6)<D,)+D,(5).

e) Dy,,(1-8)<D,(A) +D,(5).

Proof. a) Assume that 1 = A,e; + 1,e,, 6§ = 8,6, + 5e, and
& < 4. Since distribution functions D, and D,, are decreasing
(Castillo & Rafeiro, 2015), obviously

D, = Dul (Aeq + Duz (A2)e;
< Du1(51)e1 + Du2(62)92 =D, (5).
Hence D, is D-decreasing function.

b) Assume that |v(n)|; < |w(n)|, forall m = 1. Then we
can write

|1 (n)le; + |vra(n)le; < |lug(n)leg + [uy(n)le,
© |lv1(n)| < luy(n)| and |vo ()] < |uy(n)l.
Thus
{(neN: v, (n)|>1}c{neN:|u,,(n)>21},m=1.2,

and therefore D, (1;) < D,,,(4,) and D,,,(4;) < D,,,(1;). This
shows that D, (1) < D, (1).

c¢) According to the definition of D-distribution function,

--15--



DC’LL(A) = DC1’LL1 (Al)el + DCz’M,Z (AZ)eZ
is written. We can easily see that

A
Bl € N et ()] > 20} = e € Moty ()] > =)
m

_ (’11 ) _
=D, (=) m=1.2
SN [

Then

2 A
DC1u1 (Al)el + DCz’”vZ (/12)62 - Dul <ﬁ) “1 + Duz (ﬁ) €2

and hence

D,, () =D, (ﬁ)

d) Considering the distribution functions D+, )4y + 610)
with m = 1,2; we have

{neN:A,+6, <|lu,(n)+v,(n)}c
fneN:, <|lu,(n)}u{neN:§,, <|v,(n)|}
and hence
D, +v,)Am + 8m) <Dy, (A,) + D, (8,,).

Using these inequalities, we obtain D-inequality
Dytrv(A+6) = Dy 40 (A + 81)€1 + D(yyyir,) (A2 + 82)e;

<{D.,(A) + D,,(8)}e; +{D,,,(A2) + D, (8,)}e,

= {Dul (A)e1 + Dy, (A)e;} + {Dvl (61)e1 + Dy, (62)e;}
finally

DyreA+38) <D, )+ D,(8). (2.2)
e) Using the definitions of the distribution functions

-16--



D(u,,-v,)(Am = 8m) With m = 1,2; we have
{fneN:1,, 6, <l|lu,(n) v, (n)|}
c{neN:, <|lu,)|}u{neN:§, <|v,,(n)|}
and hence
Diu,,-v,)(Am * 8m) <Dy, (1) + D, (8,,)
Also the inequalities above allow us to write
Dyy(A+8) = Dy,.v)(A1 - 81)€1 + D) (A3 - 82)e;
<{D.,(4) + D, (6)}e; +{D,, (1) + D,,(8)}e,
= {D/ul (A41)es + Dy, (32)92} + {Dvl (61)e; + Dy, (52)32}
and so
Dyrw@-6) <D, )+ D,(5). (2.3)
D-Decreasing Rearrangement Function

Definition 7. If there is p € D such thatg < p(p < g) forall g €
G, then it is said that a subset G € D is D -frontiered from
above(lower). This number p € D is called a D-top(D -inferior)
frontier of G.

If G € D is a D-frontiered set from upstairs, then we describe
the its D-supremum showed by supp G, the smallest top frontier of
G, and its D-infimum showed by infp, G, the hugest inferior frontier
of G. The “least” top frontier here means that suppG < p for any
D-top frontier p evenif not all of the D-top frontiers are comparable.
Likewise, the meaning of the “hugest” inferior frontier can be
evaluate. Surely, every non-empty set of hyperbolic numbers which
is D -frontier from upstairs has its D -supremum, and if it is
D -frontier from inferior, then it has a D-infimum. Given a set
G c D, think the sets

G, ={g1:9161 + g€, € G}and G, = {g,: g1, + g€, € G}.

If G is a D-frontiered set from upstairs, then the supp G can be
—-17--



calculated by the formula
suppG = supGie; + supG,e,. (2.4)

If G is a D-frontiered set from below, then the infp G can be
calculated by the formula

infpG = infGieq + inf G,e,. (2.5)

If G and H are two D-frontiered set from inferior, then so is
G + H and

holds.

If two subsets ¢ €« D* and H ¢ D* are D -frontiered from
inferior, thensois G - H and

holds.

For the top D-frontiered subsets of D, the equations (2.6) to
(2.7) are still true when supp is written instead of infp
(Luna-Elizarraras, M.E. & et al., 2015).

Definition 8. The DD -decreasing rearrangement of a sequence
u = (u(n)) in Wy is a function «* defined by

w () =infp{reD*:D, (1) < ¢}
from D* to D*. Since D,,, with < = 1,2 is decreasing,
inf{A; = 0: Dy, (A1) <D,,, (B} = By
and
inf{2; = 0:D,,,(2;) <Dy, ()} = B
holds. Therefore,
w'(D,(B)) = infp{d € D*:D,, (D) <D, (B}

= inf{ll 2 0:D,, (A1) <D,, (B)}er
--18--



+inf{Az = 0: Dy, (2;) <Dy, (B2)}ez = B,
w* is the left inverse of D,,.

Morever, let uln) = u,(n)e; + u,(n)e, ,
A= (/1131 + /1282) and 1= (tlel + 4«'232). Then

w(t) = infpfae D*:D, (1) < ¢}
= infp{1 € D*: D, (41)e1 + Dy, (Ax)e; < tieg + t,e;}
= inf{A;: D, (1) < t1}es + inf{A,:D,,,(A,) < t,}e,
and so
w (t) = u*(F)eg + uy*(£,)e;,. (2.8)

Theorem 2. Let u = (u(n)) be a sequence in Wge and
A= (Ae1 + Aye,), t = (t,e, + t,e,) be two elements in D*. The
D -decreasing rearrangement function of « has the following
properties:

a) u* is D-decreasing.
b) «* (%) > A necessary and sufficient condition D, (1) > %.
¢) (k)" (%) = |klu’(£), k € DY,

d) Let (w(n)) and (vv(n)) be two sequences in Wye. If
lu(n)|, < |[v(n)|, forevery n = 1,2, ...then w*(£) < v*(%).

&) [(um)P]* = (wm)’ p=1.
Proof.
a) Let0 <t <k, thent; <k; AN %, <k,
This shows that
{#, 20:D,, (1) <t1} c {4, 2 0: D, (A4) < ky}
and
{A; 2 0:D,, () <t;} € {A; = 0:D,,,(A;,) < ky}

--19--



therefore,
f2eD*: D, VD) <t}c{reDd*D,(1) < k}
obviously
infpir e D*:D, (1) <k} < infp{reD*:D, (1) < £}
that is,

w (k) < w(%).
b) Let A < w*(£). Then

A< infpfa e D*: D, (a) < }

namely
Aie; + Aye,

< infp{a € D*: D, (a;)e; + D, (az)e; < tieq + 1365}

= inf{a;: D, (ay) < t1}e; + inf{ay: D, (ay) < £5}e,.
Thus
A4 < inffay: D, (a;) < t;}and A, < inf{ay: D,,(ay) < t,}

and so D, (1;) > %1, D,,,(1;) > %,. Obviously D, (1) > 2.

Conversely, let £ < D, (1). Suppose that «*(#) < A. Since D,
is D-decreasing, we have D, (1) < Du(u*(t)) < % contradicting
our hypothesis.

c) By the Theorem 1, we write
(k)" (£) = infpla € D*: Dy, (a) < £}
(44
= infp {a eD*:D, (—) < t}.
5|k

If it is saidﬁ = B € D*, then we have a = ||, - B and so
k

infpllkle - B € D*:D,(B) < £}

--20--



= infp{(lk1les + lxzlez) - (Brey + Paez) €D™: D, (B) St}
= infp{(Ix1|B)er + (Ixz|B2)e, € D*: D, (B) < £}
= inf{lry|By: D, (B1) < t,}e; + inf{lrz|Ba: D,,(B2) < t,}e;
= (lry linf {By: D, (B < t:})es
+ (|K2|inf{ﬁzi D,,(B;) < tz})ez
= (lr1le; + |K2|ez)(inf{ﬁ1: Dul(ﬂ1) < ’L'1}e1
+ inf{ﬁzi D,,(B2) < ’fz}ez)
= |kl - infp{p € D*: D, (B) <t}
= |k|y - w (£).

d) If |u|, < |v],, then the inequality D,(1) < D,(A) is
obtained from the Theorem 1.

Since D,(1) < D, (1), we have
D,,(41) <Dy, (A1) AD,,(A;) < D,,(4,).
This shows that
{{, 20:D,,(1)) <t;} c {2, = 0: D, (A)) < #;}
and
{4, 2 0:D,,(;) <t;} < {4, 2 0:D,,,(A,) < £}
as a result
12ebdD*:D,(A) <t}c{reb*:D, (1) <t}
and so
infp{d € D*: D, (1) <t} < infpfr € D*: D, (1) < £},
namely
w (t) < v* ().

e) Letp € Rand A € BC then (A,e; + A,e,)P = Ae; + e,
(Sagir & Degirmen, 2022).
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Also in case of using the properties of D, (1)
D(ut?) D) = D((usler +luzle)?) D) = Djuy Pey +usiPe,) (1)
= D|u1|p(ll)el + D|u2|p (12)82. (29)

Using the definitions of the distribution functions D, (4;) with
i = 1,2 we have

Dy, p(A) = p{n € N: 2, < |lu;(n)IP|}
- ,u{/n € N:(4,)P < Iui(/n)l}

=0, (G%).

Therefore,

D((tulpr)(D) = Dy, ((/11)%) e; +D,, ((/12)%> e,

=D, ((,1)5)
and hence
((lulk)p)*(t) = lTlf]D){l € ]D)+D((|,u|k)p)(/1) < 7[,‘}

1
= infp {/1 eD*:D, (/15> < t}
= infpf{a? € D*: D, () < £}
= infp{(ae; + aze,)? € D*: D, (a) < £}
= infpla;Pe; + a,Pe, € DY D, (are1 + aze,) < £}
Now if (2.5) is used,

(Il )P) () = inf{ayP:aP € DT A D, (a) < tle
+ inf{ay?:a? € DY A D, (a) < tle,
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= (inf{ay:a? € D* A D, (@) < £,}) ey
+ (inf{az: a? € DT A D,,(ay) < tz})pez

= ((inf{al:ap eD* A D, (ap) < t}e
+ (inf{az: aP € D* A D,,(ay) < tz})ez)p
= (infpla = a1, + aye, € D*: D, (a1 + aze;) < 1)P,
and so
(el )P)* () = (w")P(2). (2.10)
Definition 9. For a He g =2N |, the function defined by
Xy (1) = {(1)2 ; E is the known characteristic function of the set
H, therefore the function defined from N to D* as
() = xy(ne; +xy(ne,

is called D-characteristic function of the set H. At the time, it can
be written by

le, + 1e,,m € H 1,n € H
D _ 1 2 _ )
tn(n) = {0e1+0e2,ne H _{O,n(i H

Now let us construct the D -distribution and D -decreasing
rearrangement functions of this function y,,. Let A = (A1e1 + 1,e5)
be an element in D*, we have

D(xg(n))(l) = D(XH(n)eﬁxH(n)ez)(/h% + A2€3)

= DXH(%)(;{l)el + DXH(n)(AZ)ez-

Using the definitions of the distribution functions D, (4;) with
i = 1,2 we have

_(u(H) ,0< ;<1
DXH<n)(Al-)—{ 0

Finally,
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u(H)e; + u(H)e, ,0< 1, <1A0<1, <1
u(H)e; +0e, ,0<2;, <1A 2, =1
D(x(n))(l) - Oey +u(H)e, , A1 =21A0<1,<1
O0e; +0e;, A4 =1AA, 21

uH) , 0<sA4<1A0<A,<1
u(H)e,, 01, <1A1, =21
D(x"}’i(n))(l): u(H)e, , 1, =21A0<4,<1
0 , L=1A1,2>1

(2.11)

is obtained.

Now, if the D-decreasing rearrangement function of the D-
characteristic function XE is written according to (2.11), it is clearly
seen that

(XE)*(t) = infp {/1 € D*: D(x?;(n))(’l) < t}

= lnf]D) {/1191 + /1262 € [D+: D( )(/1) < tlel + tzez}

1 (n)

- lnf {Al 2 0: DXH(n)(Al) S tl} 6’1
t+inf {2, 2 0: D, (1 (Ay) < £} e,

= (XH)*(’f1)€1 + (XH)*(’L’Z)eZ
and so

le;+1le, , 4 <u(H)A t, < u(H)

DY* ) 1les+0e; , £ < u(H) A £, = u(H)
() (trer + toex) = Oe, +1e, , + = u(H)A £, < u(H)
Oe, +0e, , t; =u(H)A £, = u(H)
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1, 4y <u(H)A t, < u(H)
er , t1 <u(H) A t, = u(H)
ey, t1 = u(H) N £, < u(H)’
0, £y =2u(H)A t, 2 u(H)

also
(B) () = gy, sy E0e1 + 2y (EDez (212)

Theorem 3. Let H € G = 2N and « = (u(n)) is a sequence in
Wee. For t € D,

(w-5,) ) < w ().

Proof. Since |u : XHlk < |ulg, by Theorem 1.(d), we have

(w-5,) ) < w ().

Lemma 2. Let (G, G, i) is be a measurement space further ¢ and 4
are be two measurable functions. Then the inequalities

(g+A)(a+p) <g"(a) +4°(B)
and
(g-A)(a+p) <g (@) A ()
hold for all «, f = 0 (Castillo and Rafeiro, 2015).

Theorem 4. Let (N,G,u) be a measure space and
u = (u(n)), v = (v(n)) be two sequence in Wyc. Then, the
D-inequalities

(u+0)A+6) < u@)+v*06) (2.13)
and

(uw-v)yA+08) <ud)- -v*(6) (2.14)
hold for all 4,5 € D with A = A,e; + A,e, and § = §,¢e; + ,e;.
Proof. Since «* (1) = wj(1)e; + u5(4,)e, and
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v*(8) = v{(81)e; + v5(8,)e, from (2.8) and also if use Lemma
2, we have

(u+0) A+6) = ((ulel + uye;) + (1rie + ftrzez))*(l + 6)
= ((uy +v)eg + (uy + v2)e;) ((Ag + 81)es + (g + 65)e,)
= (u, +v1)* A + 81)eq + (uy +1v,) (A, + 65)e,
< (i) + w7 (8))er + (u5(22) + v5(8,))ez
= (w;(A)e; + u5(A)e;) + (17 (8)ey +v5(8,))e;
=u*(1) + v*(6).
Again, we have
(u-0)' A+ 06) = ((ure1 + 1z8,) - (w161 +1265)) (A +6)
= ((uq - v)eg + (uy '4’2)62)*((/11 +6)e; + (A2 + 8,)e;)
= (uy - v1)" (A + 6)ey + (uy - 1v2)"(A; + 83)e;
< (wi(Ay) - v1(8))er + (w5 (Ay) - 15 (8,) e,
= (u; Ae; + u3(A)e;) - (w1 (8)e; +13(5,))e;
=u*(1) - v*(6).
fA=6= % is chosen in (2.13) and (2.14), then

(u+v)() s u (z) + v (ﬁ)

2 2
and
(u-v)(a) S u* (%) i (%)
IS obtained.

Definition 10. « = («(n)) be a sequence in Wgc. The function
defined by
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wn) ==Y ()
x=1

is called the D-average function of 4"

Theorem 5. Let « = (u(n)) be a sequence in Wgc . The
D-average function of ««* has the following features:

a) Forevery n =123..., u*(n) < «u*(n).
b) «™ is D-decreasing.
c) If n is an even natural number,
(u+v)*(n) S u*n/2) + v**(n/2).

d) If n is an odd natural number and [.] is an greatest
integer function, then
n+1

(u+v)"*(n) <

(u**([[/n/Z]] +1) +v*([n/2] + 1)).

Proof. a) Since «* a D-decreasing function and n = ne; + ne,
foralln > 1,

n

w*(n) = %Z w'(x) = %((u*(l) +u(2)+ -+ u*(/n)))

= %(/n . u*(/n)) =u'(n)

is obtained.

b) For n > 1, we have
n+1

W+ 1) = %Hz W (x)
= ﬁ(;u*(x) +u'(n+ 1))
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n
1 1
x=
Since w'(n + 1) < u*(4) for 1 < 4 < n, there exist
1
win+1)<— (w (D) + u*(2) + -+ w(n)).
If this inequality is written in (2.15), we have
1 n
* %k < *
w*(n+1) 1 12% (x)
x=1
* 1 e * — * %k .
+—/n(/n+ 1)(u D+ +u (n)) w*(n)
As a result, «** is D-decreasing.

c) If the D-average function definition and (2.13) are used,

n

(et ) () =Y (w+0)' (@)

Ay (<))

1
=1

2w @)y e @)

Since (n — 1) < #; < n, we have «}(t;) = w;(n) withi = 1,2
(Castillo & Rafeiro, 2015).

For (n — 1) < £ < n, we have

w (1) = ui (e, + us(ty)e, = wij(n)e; + us(n)e, = w*(n).
Therefore,

n

>« (3)

x
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Qe Qe

(D) 4w (D) + (@) +w (@) + (%‘)

=2{w@+w @+ +u (5)]

2
n/2
=2 ) u'(x)
similarly,
n n/2
Z v’ (;—C) =2 Z v*(x)
x=1 x=1
As a result,
L n/2 n/2
(uw+0v)* ) x—<2 ) wx)+2 ) v*(x)
1 n/2 n/2
= 7{2 w (x) + Z v*(x)}
x=1 x=1

=u*(n/2) + v**(n/2).

d) Assume that 7 is the odd natural number. When using the
proof method in c,

(et ) () =Y (w+0)' @)
x=1
1 n
<2 (w6 )
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o Q) Q) Q) orne (55 s 3)
i ”*Ei) re 2(5) +o(3)+ e =)+ &)
Gl G)rw Q) v () v @+ ()

rfr @) e @)t ()4 @)+ ()

#=l N e
2 {[n/2] + 1} . .
TV ; (w (%) + v*(x))
11 [n/2]+
PR
N n ([n/2] + 1) L

1 [n/2]+1
v*(x)}

T2+ D L

ntl_
= i {( 2 —~ 1) T 1} (w([n/2] + 1) +v**([n/2] + 1))

_ ”T“(u**([[n/Z]] +1) + o ([n/2] + D)

is obtained.
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CHAPTER I

Q Tensor on Para-Sasakian Manifolds

Halil ibrahim YOLDAS!
Esra KARATAS?
Mustafa ALTIN®

Introduction

One of the most comprehensive and active theories of modern
differential geometry is Riemannian manifolds. Therefore, such
manifolds have been examined and studied frequently by several
mathematicians in literature in recent years. Over time, different
structures have been defined on Riemannian manifolds and thanks
to these structures, some special different manifolds have been
introduced to the literature. One of these manifolds is the almost
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paracontact manifolds and their subclasses defined by Sato ( Sato,
1976 ). Since then, many authors have made significant
contributions to these manifolds.

As a special subclass of almost paracontact manifolds, para-
Sasakian manifolds represent a captivating and significant area of
study in the realm of differential geometry and mathematics. Such
manifolds are a natural extension of Sasakian manifolds, and they
possess remarkable geometric properties that have far-reaching
implications across various mathematical disciplines.

Para-Sasakian manifolds are closely related to the broader
family of Sasakian manifolds. A Sasakian manifold is a Riemannian
manifold equipped with a special contact structure known as the
Reeb foliation. What distinguishes para-Sasakian manifolds is their
compatibility with a pseudo-Riemannian metric alongside the Reeb
foliation, resulting in a perfect blend of Riemannian and Lorentzian
geometries. This combination of geometric structures provides a
unique setting for the exploration of mathematical concepts.

On the other hand, using the Riemannian metric on manifolds
plays an important role in examining and characterizing manifolds
and their submanifolds. While examining Riemannian manifolds and
their submanifolds, curvatures are generally used, classifications are
made with the help of these curvatures, and characterization
theorems and results are given depending on the curvatures. While
investigating Riemannian manifolds and their submanifolds, one of
the new methods is to make use of certain curvature tensor
conditions on the manifolds. There are many interesting paper about
various type of manifolds satisfying curvature conditions.

In their work ( Adati and Matsumoto, 1977 ), T. Adati and K.
Matsumoto defined the concepts of para-Sasakian and special para-
Sasakian manifolds, which are regarded as specific instances of
almost paracontact manifolds initially established by I. Sato ( Sato,
1976 ). Within the same study, the authors conducted an
investigation into conformally symmetric para-Sasakian manifolds,
establishing the result that a para-Sasakian manifold of dimension n
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(where n > 3) that is conformally symmetric is both conformally
flat and special para-Sasakian. Subsequently, in their study ( De and
Guha, 1992 ), the authors examined para-Sasakian manifolds
satisfying the condition Weyl-semisymmetric, and their findings
demonstrated that a Weyl-semisymmetric manifold of dimension n
that is also para-Sasakian exhibits conformal flatness. This research
is devoted to achieving classifications of para-Sasakian manifolds
with  Weyl-pseudosymmetric condition, which represent an
expanded class of Weyl-semisymmetric manifolds that have para-
Sasakian structure, as well as additional characterizations of para-
Sasakian manifolds that satisfy the condition curvature C - S = 0.

In his research, Ozgir ( Ozgiir, 2005 ) explored Weyl-
pseudosymmetric manifolds that have para-Sasakian structure. Also,
in same research he investigate para-Sasakian manifolds under the
curvature condition € - S = 0. Para-Sasakian manifolds have been
the subject of study by various authors, including Deshmukh and
Ahmed (Desmukh and Ahmed, 1980), De et al. ( De and et al., 2008
), Matsumoto, lanus, and Mihai ( Matsumoto, lanus and Mihai, 1986
), Sharfuddin, Deshmukh, and Husain ( Sharfuddin, Deshmukh and
Husain, 1980 ), De et al. (De, Han and Mandal, 2017 ), Adati and
Miyazawa ( Adati and Miyazawa, 1979 ), Acet et al. ( Acet, Kilig
and Yiiksel Perktas, 2012 ), Ozgiir and Tripathi ( Ozgiir and
Tripathi, 2007 ) among several others.

Motivated and inspired by the above studies, in this work we
deal with Q curvature tensor on para-Sasakian manifolds, which is a
fruitful topic of paracontact manifolds, and we obtain some
significant characterization theorems depending on this tensor. Our
work is structured as follows. First section is dedicated to the
introduction, which contains a background of paracontact manifolds.
In the next section, in preliminaries, we give some requirement
notions and formulas that we will make use of in the proof of our
main results. The final section, as main results, we give some
characteriztions on para-Sasakian manifolds which are equipped
with the curvature tensor Q.
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Preliminaries

In this section, we collect some necessary notions and formulas
related to almost paracontact metric manifolds and para-Sasakian
manifolds which will be used later in the next section.

Let M be a contact manifold of dimension 2n + 1 together with
a contact form n such that n A (dn)*n = 0. It is widely
recognized that a contact manifold admits a special vector field & ,
which is said to be characteristic vector field of the contact manifold,
satisfying n(¢é) =1 and dn(¢,7,) =0 for all 7, in ['(TM).
Furthermore, M possesses a Riemannian metric g and a
(1,1) —type tensor field ¢ satisfying the relations ¢? = I — n®¢,
g(14,&) =n(71), and g(74, 972)= dn(74,7,). In this context, we
refer to (¢, &,7n, g) as a contact metric structure. A manifold which
is endowed with a such structure is termed Sasakian if

(V4,0)72 = 9071, 7)€ = n(7)7y,
in which case
Ve, $ =~
and
R(71,72)¢ =n(72)71 —n(1)7;

for all vector fields 7,,7,eI'(TM). Here, V. denotes the connection
of the manifold, which is called the Levi-Civita connection ( Blair,
1976 ), ( Ozgiir, 2005 ).

An almost paracontact manifold M having dimension 2n + 1 is
a differentiable manifold consisting of the structure (¢,¢&,1,9),
where ¢ represents a (1,1) —tensor field, ¢ is a vector field, n is a
1 —form and g is the Riemannian metric on M. This structure is
characterized by the following conditions ( Sato, 1976 )

90271 =7, — n(7¢ 1)
ni¢) =1, (2)
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p¢ =0, (3)
ne =0, (4)

and
g(f,'fl) = 77(71), (5)

g(@T,972) = g(71,72) — n(T)n(T2) (6)
for all vector fields 7,,7,e['(TM), where ['(TM) denotes the set of
all vector field on the manifold M.

On the other hand, it is to be noted that as a direct consequence
of the equations (1), (3), (4) and (6) we also have

9(@71,72) + g(71,972) = 0. (7)

If the structure (¢, &, 1, g) on the manifold M satisfies
dn = 0, (8)
V2,& = @7y, 9

(73, 9)72 = —g9(71,72)¢ — n(72)71 + 2n(T0)n(2)8, (10)

then M is said to define a para-Sasakian manifold, or shortly, a P-
Sasakian manifold ( Adati and Matsumuto, 1977 ). We denote a
para-Sasakian manifold by (M, ¢, &, 1, 9).

Also we want to remark that in a para-Sasakian manifold
(M, @, &,m,g) the following properties are satisfied ( Zamkovoy,
2009 ):

Ric § = —2n (11)
5(71,8) = —2nn(74), (12)
R(7,7)¢ =n(1)7, —=n(72)7y, (13)
R, 7072 =007 — g(71,72)§ (14)
R(§,71)¢ =71 —n(71)8, (15)
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N(R(71,72)73) = g (71, 73)n(72) — g (72, 73)n(71)  (16)

for all vector fields 7,,7,, 7;€['(TM). Here, R is the Riemannian
curvature tensor of the manifold, which is given by the formula

R(71:72)73 = V71V7273 - V72V7173 - V[71,72173

and S stands for the Ricci tensor defined by
S5(74,72) = g(RicT4,72),
where Ric is the Ricci operator.
Additionally if the Ricci tensor S of a para-Sasakian manifold
(M, @,&,n, g) satisfies
5(74,72) = pg(71,72) + 1 (TN (72)

then the manifold is named as n —Einstein, where p and § are
smooth functions on the manifold M. An n —Einstein manifold
becomes Einstein if § =0 ( Adati and Miyazawa, 1979 ).

On the other hand Mantica and Suh defined a new curvature
tensor, which is named as Q curvature tensor, given by ( Mantica &
Suh, 2013)

Q(71,72)73 = R(71,72)73 — zw_n [9(72,73)71 — g(71,73)72].  (17)

(2n+1)
this curvature tensor reduces to concircular curvature tensor.

Also it follows from the equations (13), (14), (15) and (17) one
immediately has

Here, ¥ denotes an arbitrary scalar function. When y = , then

Q(11,7)¢ = (1+2)R(11,72)¢ (18)
Q1T = (142 R(E,T2)Ts (19)
Q(€,72¢ = (1+2)R(§,T2)¢ (20)
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for any vector fields 7, and 7, tangent to M. The curvature tensor Q
has been studied by various researchers, including Yadav and Yildiz
( Yadav & Yildiz, 2022 ), De and Majhi ( De and Majhi, 2019),
Yildirim (' Yildirim, 2022 ), Yilmaz ( Bagdatli Yilmaz, 2020 ) as well
as numerous other scholars.

Main Results

In this section we give our main results that are obtained in this
work. We obtain that under some curvature conditions a para-
Sasakian manifold (M, ¢, &,n,g) becomes a constant negative
curvature manifold.

The first result of this section is in the following.

Theorem 1: Let (M,¢,¢,n,g9) be a para-Sasakian manifold
admitting curvature condition Q(¢,7,).Q = 0. Then, we have that
either Y = —2n or the manifold M has constant negative curvature
—1.

Proof: Let us suppose that the structure (¢, &,n, g) of the manifold
M satisfies the condition Q(¢,7,).Q = 0, that is

(Q(€,79)Q).(71,72)75 =0
for all vector fields 7,, 7,, 74, 7s€['(TM). This means that
Q(El 74-) Q(71; 72)75 - Q(Q (51 74)71; 72)75 (21)
—Q(71,Q(5,74)72)75s — Q(71,72)Q(&,74)75 = 0.
Setting 75 = £ in (21), one can write
Q(f' 74)Q(71172)€ - Q(Q(fﬂ 74-)711-‘2)‘;T (22)
—Q(71,Q(§,7)72)¢ — Q(71,72)Q(E,74)¢ = 0.

For the first term of (22), using (18) and (19), we get
Q10 1E = (14 L) R(ETIRALTIE  (29)

Also, making use of (19) in (23) we find that
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" 2
Q. 1)Q(1,T)E = (1+22) 1(7Dg(Ta, TE (24)

—1(71)9 (74, 72)¢].
For the second term of (22), by means of (19) we achieve
2
00017, 70¢ = (1+20) RRET)TLTE

which together with the equations (13) and (15) takes the form

P 2
QQE T TE = (1+5) MODNGIT,  (29)

—(TIN2)74 + g4 TIN(2)E — g(T4,71) 721

For the third term of the equation (22), with the help of (18) and (19),
we arrive at

Q1T TE = (1+L) ROLRE TN (26)
It follow from (13) and (15), the equation (25) becomes

0QE 1T TE = (14 L) mGDT, @D

—n (TN (7471 + g(74,72) 71 — g (74, 7)1 (71)8.
For the fourth term of the equation (22), using (20) we write

QU1 7)QE1)E = (1+5) QUL TIRETHE  (28)

In wiew of (15), we provide

QUL T)QETIE = (1+2) Q7,72 (T —1(7)8)  (29)
Using (18) in (29), we obtain that

0L 10T = (1+ L) 01— (1+4)  (30)
[n(TIn(T1)72 — n(TIn(72)74].

—-40--



Now, substituting the equations (24), (25), (27) and (30) into (22),
we have

(1 + %) [R(71,72)T4 + 9 (72,7071 — g(71,74) 721 = 0,

which implies that either

Y
—+1=0
2n+

or
R(71,72)74 = —(g (72, 74)71 — g(71,74)72).
This result completes the proof.
Next, we have another important result.

Theorem 2: Let (M,¢,¢,n,g9) be a para-Sasakian manifold
admitting curvature condition Q(74,7,).Ric = 0. Then, we have
that either Y = —2n or the manifold M is an Einstein manifold with
the scalar curvature r = —2n(2n + 1).

Proof: Let us suppose that the structure (¢, £,7, g) of the manifold
M satisfies the condition Q(74,7,).Ric = 0, namely

(Q(74,74)-Ric)73 =10
and hence
Q(74,72).Ric 73 — Ric (Q(74,7,)73) =0 (31)
for all vector fields 7,,7,, 7;el'(TM). If we take 7, = & in (31) and
also benefit from (19), we obtain

(1 + le—n) [R(Z,7,)Ric 75 — Ric (R(£,7,)75)] = 0,

which together with (14) gives
(1+2) n(Ric 137, - g(Ric 13,7,)¢] (32)
—Ric n(73)7, — g(72,73)§) =0
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Due to the equations (11) and (12), the equation (32) reduces to
(14 L) [~2n5(15)7; — (7, T5)¢ (33)

_r](73)RlC 72 - an(-fz, 73)5 = 0
Taking inner product of (33) with ¢ yields

(1 + %) [—2ng(7,,73) — S(7,,73)] = 0.

Thus, we have that either Y = —2n or S(7,,73) = —2ng(7,, 73).
Taking the trace of the ricci tensor, we obtain r = —2n(2n + 1).
Therefore, we get the requested result.

The next result provides a important characterization regarding
para-Sasakian manifolds.

Theorem 3: Let (M,¢,¢,n,g9) be a para-Sasakian manifold
admitting curvature condition Q(7,4,7,).S = 0. Then, we have that
either 1 = —2n or the manifold is an Einstein manifold.

Proof: Under our hypothesis, we have
(Q (71: 72)-5)(73' 75) =0
for all vector fields 7,,7,, 75, 7s€e['(TM). This is equivalent to
S(Q(71,72)73,75) + S(73,Q(71,72)75) = 0. (34)
Putting 7, = £ in (34) and from (19) we get

(1+L) (SR 1)75,75) + S(T5,R(E,72)75) = 0. (35)
Implementing (14) in (35), we find that

( i) n(73)S(T2, 75) + 2ng (72, 73)1n(Ts)
2n) |4n(75)S (T2, T3) + 2ng (72, 75)n(T3) 1

Moreover setting 75 = & in (36) provides

(1+ %) [S(T5,75) + 2ng(T5,75)] = 0,

(36)
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where we have used the equations (5) and (12). Therefore we have
the desired result. The proof is completed.

Theorem 4: Let (M,¢,¢,n,g9) be a para-Sasakian manifold
admitting curvature condition Q.¢ = 0. Then we have that ¥ =
—2n.

Proof: Let us consider that the structure (¢, &,n, g) of the manifold
M satisfies the curvature condition Q.¢ = 0, that is

(Q(71,72).¢)73 =0,
which is equivalent to
Q(71,72). 973 — 9(Q(71,72)73) = 0 (37)

for all vector fields 7,,7,, 7;el'(TM). Putting ¢ instead of 7, in (37),
we write

Q¢ 7973 — 9(Q(§,72)73) = 0. (38)
Also, making use of (19) in (38) we get
(1+2)[RE 707 — 9RE T =0, (39)
From (2), (3), (14) and (39), we arrive at
(1+2)[-9(T2 970§ —n(T)@T] = 0. (40)

Replacing 7; by ¢7; in (40) and after a straightforward
computation, we have

(1+2) 9T 0781 =0. (41)

Taking inner product of (41) with & gives

<1 + %) [9(@72 973)] = 0.

Taking the orthonormal basis of the above equation, we obtain that
1 = —2n. Therefore, the proof is completed.

The final result of our work is as follows:
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Theorem 5: Let (M,¢,¢,n,g9) be a para-Sasakian manifold
admitting curvature condition @.Q@ =0 . Then we have that

P =—2n,

Proof: Let us consider that the structure (¢, &,n, g) of the manifold
M satisfies the curvature condition ¢. Q = 0, which means

(0.Q)(71,7)73=0
namely,
0 (Q(71,72)73 — Q(71,72)73
—Q(71,972)73— Q(71,72)9T3 =0 (42)
for all vector fields 7,,7,, 7;el'(TM). Taking ¢ in place of 75 in (42)
and it follows from (3) that we have

P(Q(71,72)¢ — Q(@T1,72)¢ — Q(T1, 9T72)¢ = 0. (43)
Using (13) and (18) in (43) one immediately has
(1+2) 072 = (1)1 + ()T, — n(T)eT,) = 0. (44)
Taking inner product of (44) with arbitrary vector field 75 gives

i 77(71)9(72;73) - 7](72),9(71,73) _
( Zn) [+7’I(72)g(<,071, 7.) = 119075 T)] = 0. (45)

Setting 7,=73 = G; in (45) and from (2), (3) we get

where {Gi}f:fl is a local orthonormal frame of the manifold M.
Taking 7, = ¢ yields y» = —2n. Therefore, the proof is completed.
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CHAPTER Il

Exploring Bicomplex Lebesgue Spaces: Properties
and Significance

ilker ERYILMAZ!

Introduction

Lebesgue spaces are essential structures in functional analysis
and measure theory, offering a formal framework for understanding
function convergence and integrability. The study of Lebesgue
spaces has been helpful in increasing our understanding of diverse
mathematical phenomena, providing a flexible platform for
examining the behavior of functions in various circumstances. As we
explore deeper into the complexities of Lebesgue spaces, this essay
focuses on the concepts of sums and intersection within this
mathematical realm. We want to get insights into the convergence

1 Professor,Ondokuz Mayis University, rylmz@omu.edu.tr https://orcid.org/0000-0002-3590-
892X
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features and interrelationships that emerge when combining or
intersecting functions in Lebesgue spaces by investigating the
interaction of these operations. This examination not only advances
theoretical comprehension of these spaces, but also reveals their
practical consequences in a variety of mathematical applications.
Join us on a voyage through the intricacies of sums and crossings in
Lebesgue spaces, where the convergence of mathematical concepts
leads to a better knowledge of function structure and behavior BC-
valued functions arise naturally in various mathematical fields,
including probability theory, mathematical analysis, and functional
analysis, and understanding their properties is crucial for advancing
these areas of study. Indeed, the study of modules with bicomplex
scalars in the context of functional analysis has gained significant
attention in recent years. One influential work that has contributed
to this area is the book (Alpay et al., 2014). The book likely presents
groundbreaking results and insights related to this topic. Functional
analysis traditionally deals with vector spaces over a field, such as
the complex numbers or the real numbers. However, by considering
modules with bicomplex scalars, where the scalars are elements of
the bicomplex numbers, a broader framework is introduced. This
extension allows for the exploration of new mathematical structures
and the investigation of properties beyond the classical setting. The
book by Alpay et al. is likely a valuable resource for researchers and
enthusiasts interested in this area. It likely presents notable results,
techniques, and applications pertaining to the study of modules with
bicomplex scalars in the context of functional analysis. These results
may encompass various aspects of functional analysis, such as
operator theory, function spaces, and spectral theory, among others.
They may shed light on the behavior of modules with bicomplex
scalars, reveal connections to other areas of mathematics, and
potentially find applications in physics, engineering, or other
disciplines.

The series of articles mentioned in the references highlight the
systematic study of topological bicomplex modules and various
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fundamental theorems related to them. Here is a breakdown of the
articles and their contributions:

In (Kumar & Saini, 2016), the authors studied topological
bicomplex modules, likely exploring their topological properties and
investigating concepts such as convergence, continuity, and
compactness in this context.

The authors in (Kumar, Kumar & Rochon, 2011) presented
fundamental theorems, including Banach-Steinhaus theorem, open
mapping theorem, closed graph theorem and interior mapping
theorem for bicomplex modules.

The papers (Saini, Sharma & Kumar, 2020), in collaboration
with (Kumar, Kumar & Rochon, 2011), likely extends the study of
fundamental theorems to the setting of topological bicomplex
modules. The focus may be on generalizing classical results from
functional analysis to the bicomplex module framework, providing
a deeper understanding of their properties. Also, the authors likely
delve further into the study of topological hyperbolic modules,
topological bicomplex modules, exploring the properties of linear
operators, continuity, and related topological concepts specific to
these settings.

The authors in (Luna- Elizarraras, Perez-Regalado & Shapiro,
2014) studied on bicomplex modules and hyperbolic modules and
wrote the Hahn-Banach theorem for these modules.

The book (Luna-Elizarraras et al., 2015) likely provides an in-
depth exploration of bicomplex analysis and geometry. It may cover
a wide range of topics, including holomorphic functions, integration,
differential equations, and geometric properties specific to the
bicomplex domain.

In (Colombo, Sabatini & Struppa, 2014), the authors focused
on BC bounded linear operators and bicomplex functional calculus.
It may provide a detailed study of operators acting on bicomplex
modules and explore the construction and properties of functional
calculi specific to the bicomplex framework.
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In (Sagir, Degirmen & Duyar, 2023), properties of bicomplex
matrix transformations between sequences’ spaces c, and ¢ are
examined.

These references collectively  represent  significant
contributions to the study of bicomplex modules, functional analysis,
and related areas. They showcase the exploration of properties, the
development of new theorems, and the application of functional
analysis techniques in the context of bicomplex numbers.
Researchers and readers interested in these topics can refer to these
articles and the books for detailed insights into the respective areas
of study. Now, we will give a small summary of bicomplex numbers
with some basic properties.

Preliminaries on BC and BC -Lebesgue spaces

The set bicomplex numbers BC which is a four-dimensional
extension of the complex numbers is defined as

BC := {W = W +]W2| Wq, Wy € (C(l)}

Here i and j are imaginary units satisfying ij = ji and i =
—1 = j2. Here C(i) with the imaginary unit i, stands for the field of
complex numbers. According to ring structure, forany Z = z; + jz,,
W = w; + jw, in BC usual addition and multiplication are defined
as

Z+W = (Z1+W1)+j(Z2+W2)
W = (lel - Zsz) +j(ZzW1 + 21W2).

Under the ordinary addition and multiplication of bicomplex
numbers, the set BC forms a commutative ring. The bicomplex
numbers have a unit element denoted as 1y := 1 and this acts as the
identity for multiplication, such that for any bicomplex number W/,
1-W =W -1=1W. In the sense of module structure, the set BC is
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a module over itself. This means that BC satisfies the properties of a
module, including scalar multiplication and distributivity. If one
multiplies the imaginary units i and j, then a new hyperbolic unit k
can be obtained such that k? = 1. This implies that k is a square root
of 1 and is distinct from i and j. The product operation of all units
i,j and k in the bicomplex numbers is commutative. Specifically,
the following relations hold:

ij =k, jk=—i and ik = —j.

These properties summarize the basic characteristics of
bicomplex numbers and their algebraic structure.

Hyperbolic numbers D are a two-dimensional extension of the
real numbers that form a number system known as the hyperbolic
plane or hyperbolic plane algebra. They can be represented in the
form a = B, + kf5,, where ; and 3, are real numbers, and k is the
hyperbolic unit. In the hyperbolic number system, for any two
hyperbolic numbers a = 5, + kB, and y = §; + kJ,, addition and
multiplication are defined as follows:

a+y=(p+8)+k(B, +5)
ay = (5161 + B262) + k(B16; + B261).

The hyperbolic numbers form a ring, however, unlike the
complex numbers, the hyperbolic numbers do not have a
multiplicative inverse for all nonzero elements. The nonzero
hyperbolic numbers that have multiplicative inverses are called
units. The bicomplex numbers contain two imaginary units i and j,
and the hyperbolic numbers can be taken as a subset of the
bicomplex numbers by restricting the imaginary part of j to be zero.

Let W =w; +jw, € BC where w;, w, € C(i) . By the
notation of W with imaginary units i and j, three conjugations are
brought out for bicomplex numbers in (Alpay et al., 2014) and
(Luna-Elizarraras et al., 2015) as W, = wy + jw,, W, = wy — jw,
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and W; = wy; — jw, where wy; and w, are the usual complex
conjugates of w;y,w, € C(i). For any bicomplex number W, they
also wrote the following three moduli in (Alpay et al., 2014), (Luna-
Elizarraras et al., 2015) and (Prlce 2018) as:

i (WE=W-W, =w%+w,2% € C(D),

i. |W|] =W -W; = (Iwy|? = lwy]?) +](2R9(W1W_2)) €
c()
D.

Furthermore, BC is a normed space with the norm
IWllge = 1wy [? + (w2

forany W = wy + jw, in BC (Alpay et al., 2014). According to this,

W, W, llge < V2IIWillgcllW2llse

for every W;, W, € BC, and finally BC is a quasi-Banach
algebra (Alpay et al., 2014). If the hyperbolic numbers e; and e,
defined as

_ 1+k _1-k
e = and e, =

then it is easy to see that the set {e,, e, } is a fundamental set in
C(i)-vector space BC and linearly independent. The set {e;, e,} also
satisfies the following properties:

ef = e, es = ey, (e1)s =€y, (&2)3=¢e,
el+92=1, el'ez=0

with ||6’1||B(c=||ez||c=§- By using this linearly independent
set {e;,e;}, any W =w; + jw, € BC can be written as a linear
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combination of e; and e, uniquely. Thatis, W = wy + jw, can be written
as

W = W1 +]W2 = e1Z1 + €rZy

(1.1)

where z; =w; —iw, and z, =w; +iw, (Alpay et al,
2014). Here z, and z, are elements of C(i) and (1.1), the preceding
formula, is named with the idempotent representation of /.

Besides the Euclidean-type norm ||-||gc, another norm named
with (ID-valued) hyperbolic-valued norm |W|, of any bicomplex
number W = e;z; + e,z, is defined as

Wk = eqlz;] + ezlz,].

For any hyperbolic number a« = B, + kS, € D, an idempotent
representation can also be written as

a=ea+ea;

where a; = B; + B, and a, = B, — [, are real numbers. If
a; > 0and a, > 0 for any a = B, + kB, € D, then we say that
is called a positive hyperbolic number. Thus, D* U {0}, the set of
non-negative hyperbolic numbers

D* U {0} ={a =B +kB: Bf —B5 =0, =0}
={a =ea; +eya,: a;,a, >0}

can be defined. Now, let a and y be any two elements of D. In
(Alpay et al., 2014) and (Luna-Elizarraras et al., 2015), a relation <
is defined on D by

a<y ©y—aeDtu{0}.

It is showed in (Alpay et al., 2014) that this relation "<" has
reflexive, anti-symmetric and transitive properties. Therefore "<"
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can define a partial order relation on D . If idempotent
representations of the hyperbolic numbers «, y are written as a =
e1aq + ey, andy = e;y; + ey, then a < y implies that a; < ;4
and a, <y,. Bya <y, we mean a; < y; and a, < y,. For more
details on hyperbolic numbers D and partial order "<", one can refer
to Section 1.5 of (Alpay et al., 2014), (Luna-Elizarraras et al., 2015)
and (Price, 2018).

Definition 1. Let U be a subset of D. U is called a D-bounded
above set if there is a hyperbolic number § such that § = « for all
a € U.If U c D isa D-bounded set from above, then the hyperbolic
supremum of U is defined as the smallest member of the set of all
upper bounds of U (Luna-Elizarraras et al., 2015).

In other words, the hyperbolic number A = e 4; + e;4,,
where 1,4, € R, is the D-supremum of U if
i e +ea, < e Ay +eyd, for each a=ea;+
e,a, €U
ii. Forany e = ej&; + ey, > 0, there exists 8 = .01 +
e,0, €U such that e 0; +e,0, >e;(A; — &) +
e,(A; — &)

are satisfied.

Remark 1. Let e;6; + e,6, be a D -bounded above subset of
D and Uy :={y;: e;¥1 + e;y2 € U}, Uy :={yz: e1¥1 + e,y, € U}.
Then the suppU is given by

suppU := e supU; + e;supUs,.

Similarly, for any set U which is D-bounded from below, D-
infimum of U can be defined as

infpU := e infU; + eyinf U,

where U; and U, are as above, [Remark 1.5.2] (Alpay et al.,
2014).
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Definition 2. Let (X, +) be an abelian group and (X, +,") be a
BC-module. If there is a topology tx in X, such that the operations
+:Xx X —> X and -: BC x X - X are continuous, then (X, +,") is
called a topological BC-module.

Remark 2. A BC -module space or D-module space Y can be
decomposed as

Y = 81Y1 + 32Y2 (12)

where Y; = e;Y and Y, = e,Y are R-vector or C(i)-vector
spaces. The spelling in (1.2) is called as the idempotent
decomposition of the space Y. Therefore, any element y in Y can be
uniquely inscribed as y = e;y; + e;y, with y; €Y; and y, € Y,,
(Alpay et al., 2014).

The following is known from (Saini, Sharma & Kumar, 2020).

Definition 3. Let (X, ||*]|x) be a BC-module. If every Cauchy
sequence in X converges to any element of it with respect to the
norm, then (X, ||-]|x) is called a bicomplex Banach module.

Proposition 1. (X, ||-||x)is a bicomplex Banach module, if and
only if, the decomposition pairs of the space, (X;, ||-||X1) and
(X2, IIllx, ) are complex Banach spaces (Kumar & Saini, 2016).

Definition 4. Let T: X — X be a map. Then T is called a BC-
linear operator on X, if the following exist:

i Tx+y) =T +TW),
ii. T(ax)= aT(x)

forevery x,y € X and a € BC.

The following result is well known from (Colombo, Sabatini
& Struppa, 2014).

Proposition 2. Let X be a bicomplex Banach module and
T:X — X be a linear operator. Suppose that X has an idempotent
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decomposition as X = e; X; + e, X,. Then the operator T admits the
idempotent representation T = e; T, + e,T,, where

TirejX — e;X
x - Tj(x) := ¢;T(e;x)

are linear operators for j = 1,2 respectively.

Definition 5. Let M be a o-algebraonaset Q and u = p,eq +
U, e, be a bicomplex-valued function defined on . Then u is called
a bicomplex measure on M if u, and u, are both complex measures
on M . Nevertheless if u; and u, are positive measures on M
namely, range of both u;, u, are [0,0], then p is called a D-

measure on M. Also, u is called a D*-measure on M, if u,, u, are
real measures on M i.e. u; (), u,(+) € [0, ), (Ghosh & Mondal,
2022).

Assume that Q = (Q, M, 1) is a o-finite complete measure
space and f;, f, are complex-valued (real-valued) measurable
functions on €. The function having idempotent decomposition f =
fie; + foe, is called as a BC-measurable function and |f|, =
|files + |fzle, is called a D -valued measurable function on Q
(Dubey, Kumar & Sharma, 2014). Thus, for any given complex
valued function space (F(Q),||'|lg), one can create a BC-valued
function space (F(Q,BC),||'|lgc) by combining all f;,f, and
bringing out functions of the type

f=fier + fre;

where f; and f, are in (F(Q),llle) with [Ifllgc =
§(||f1||5+||f2||6). Similar definition can be given for any
hyperbolic measurable function.

For any BC-valued measurable function f = fie; + fye,, itis
easy to see that |f|, = |file: + |f2le, is D -valued measurable.

Because if f = fie; + f,e, is a BC-valued measurable function,
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then f; and f, are C-measurable functions. Therefore real and
imaginary parts of f; and f, are R-valued measurable and so does
|fil and |f;|. As a result, |f|; is D-measurable. Also, for any two
BC-valued measurable functions f and g, it can be easily seen that
their sum and multiplication functions are also BC -measurable
functions, (Dubey, Kumar & Sharma, 2014) and (Ghosh & Mondal,
2022). More results on D-topology such as D-limit, D-continuity,
D-Cauchy and D-convergence etc. can be found in (Degirmen &
Sagir, 2023), (Ghosh & Mondal, 2022), (Toksoy & Sagir, 2023) and
the references therein.

Definition 6. Let M be a o-algebraand u = e u; + e, bea
BC-measure on (2, M). Then any two bicomplex valued BC -
measurable functions f =e;f; + e,f; and g = e g, + €29, on Q
are called to be equal (u-a.e.) if f; = g4 (u;-a.e.) and f, = g, (u,-
a.e.).

Definition 7. Let u = e;uy + e,u, be a D-measure on a
measure space (Q,M) and 1 <p < oco. Suppose LP(Q,u;) and
LP(Q, u,) stand for the linear space of all (equivalence classes of)
complex valued, measurable functions f; and £, defined on Q with

[ih@pan <o and [Ip@IPde <
Q Q

Then the space LEB.(Q,M,u)=1L5.(u) consist of
equivalence classes all bicomplex valued, bicomplex measurable
functions f = e, f; + e, f, on Q such that f; € LP(Q,u,) and f;, €
LP (Q, u,) (Toksoy & Sagir, 2023).

Proposition 3. For 1 < p < oo, L%C(u) is a BC-module under
usual addition operation in functions and bicomplex scalar
multiplication (Toksoy & Sagir, 2023).

Let 1 < p < oo. By using Definition 2 and Remark 2, we may
write an idempotent decomposition

LB (W) = e, LP (uy) + e, LP (1)
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for L% (1) where LP(uy) and LP(u,) are usual Lebesgue
spaces, (Toksoy & Sagir, 2023). Therefore, a hyperbolic (ID-valued)
norm can be defined on the BC-module L%(C(u) with

Ifllpp = edllfillpu, +exllf2llpu,
forany e, fy + exf; = f € Lo ().
Proposition 4. The space (L5:(1), 1l - ll,,p) is a bicomplex
Banach module for 1 < p < oo (Toksoy & Sagir, 2023).
In (Toksoy & Sagir, 2023), by using Definition 2.2 of

(Degirmen & Sagir, 2023), a new functional

Wfllpse = (], 1 GO

= (f0|€1f1(x) +exfs (x)|£(€1d.111 + 6’251.112))5 (1.3)

is defined and showed that [[f|l,n = lIfll,x for any f €
L%(c(ﬂ)-

New Results on BC-Lebesgue spaces

Proposition 5. Let 1 < p < oo. The set

S ={s =s1e; + 55|51, S, €S}

is D —dense in L (Q,M,u) where S is the set of simple
functions.

PI’OOf Let E= 8181 + 6252 > O and f = 61f1 + ezfz be any
element of L. (). By the definition of L, (w), the functions f; and

f, belong to LP(u,) and LP(u,). Since the set of simple (step)
functions S is dense subset of L? (u;) and LP (u,), then there exist
simple functions h; and h, such that

”fl - hl”p,yl <& and ”fz - h2||p,;12 < &.

If one call e;h; + eyh, as h, then h € S and

--58--



”f - h”p,]D) = el”fl - hl”p,yl + eZ”fZ - hZ”p,I,LZ
< e & t+ee, =¢

This means S is ID —dense in L%C(u).

Remark 3. If we define C.(£2, BC) as the set of all functions
fie; + foe;, where fi, f, € C.(2), then C.(2,BC) is D —dense in
L% (W) by Lusin's theorem where C,.(£2) is the set of all continuous
complex functions on 2 whose support is compact.

The following theorem is Theorem 2.6 of (Toksoy & Sagir,
2023).

Theorem 1. (Hélder’s inequality) Let 1 < p,q < oo such that l + 1 =1

and f € L} sc(), g € L pc(W) with f = fie; + fre,, g = 9131 +gzez
Then fg € Ly (1) and

Ifgllip < lIfllppllgllgp-

Theorem 2. Let f be an element of L’[’BC(Q, Mu forl<p<
. Then

Ifglls, 1 1
lfllpp = supp {—m:g¢0, ;4‘5:1 :

Proof. Using Holder's inequality and (1.3), we can write that
Ifgllip = Ifgllie = [ Ifgledu < NIfllppllgllyp-

Then

Ifgllipllgligh < Ifllpp
for all g # 0 and this implies that

£ gllo 11
— - - = $ . )
{ lglan 970 5ty 1} 11l (1.4)

supp
geLL (W
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Now suppose that f isnon-zeroand g = ﬁ’lflﬁ_1 where S isa

constant. In that case |fgl, = IBlkIf1} and lIfgllip = IBIKIfII
If one chooses |B]| as ||f||pD , then the equality

Ifgllup = 1BLNFIE . = IFIL S UFIE 5 = I llpp (1.5)

is written. Since |g|} = IﬁIZIfIEf’"l)q and (p —1)q =q, if

we integrate the both sides of this equality, then
1

1
a q
”g”q,]])) = ||g||q,k = (flglidy) = (f'ﬁlﬁlflip'”"du>
2

12
= 1B, = lIfII, 3 ||f||

and IIgII(;j]) = 1 are obtained. Thus by using (1.5), we can write

Ifllpp = Ifgllipllglyh < supp {||f.9||1,n»||g||5,ﬁ)>=9 *
geLt W

0, — 1} (1.6)

"dl»—k
-ml»—x

Combining this (1.6) with (1.4), we get the result.

The following theorem, Minkowski inequality for
BC —Lebesgue space, is Theorem 2.8 of (Toksoy & Sagir, 2023).
Theorem 3. Let f = fie; + foe, and g = ge4 + g€, be any two
elements of Lf’m (u). Then

If +gllpp < Ifllpp + 1gllpp

foralll < p < oo,

To show the duality of BC-Lebesgue spaces for 1 < p < oo,
following similar arguments are adapted from the book (Castillo &
Rafeiro, 2016).

Theorem 4. Each function g € LL.(u) defines a linear
functional Fwhich is D-bounded in L’[’B(C(u) given by
--60--



F(f) = | fgau
|

and |IF|l = llgllgp-

Proof. Let g = e;g, + e,9, be a fixed function in LL.(w).
We will show that F given by

F(f) = | fgdu
|

is a linear functional in L% .(Q, M, p). Indeed, let a and S be
bicomplex numbers and f, h be elements of L%C(Q,M,u) where
f - elfl + ezfz and h - elhl + ezhz. Then

Faf +Bh) = [ (af + BR)gan

= f[(a1f1 + Bihe; + (aqfy + Bohy)ey](engr + exg9,)du
n
=qum+mmmmm+@fwm+mmmmM
0 0

= eljalflgldﬂl +eljﬁlh1g1d#1 +ezfa2f292d#2 +92Jﬂzh292dﬂz
o) o) 0

0

=€ fﬂ a1 frg:1dp + ey fn az2f29:du, + € fﬂ Bihig1dps + e, fn B2h2g2du,
= (e1a;1 + €2a3) fn(elfl + e2f2)(e191 + e292)(erduy + exdpsy)

+(e 81 + e2f52) fn(e1f1 + exf2)(e191 + e292) (e1dpy + exduy)
=a, fgdu+pB [, hgdu
= aF(f) + fF(h).

On the other hand

IF()ie =

f fodu| < f Fgledu < Iflpollgllan
0 0

k
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by Theorem 1. Then it can be written that

IF ()i
1fllp,p

<ligllgp

which is meaning

IFI < ligllgp- (1.7)

This inequality and the previous ones show that F is a
D —bounded linear operator. Furthermore, if we define a function f
as

f=1913"gs (1)
where g5 is the third conjugate of g, then
fg=1913 “gag = Igli "1glk = lg} (1)

can be written by the known equality W, = |W|%. Besides,
we get

fle = 1918 *1gsle = lgli"
by (1) and
I =19l = gl )
can be obtained since p(q — 1) = q. Then we have
F(f) = [, fgdu = [,lglldu = llgl’ . (18)
by (1) and then

lgli”e
-1 ,D
[\glan =light,. = gl = g™ = PR
2 9llgp

where

lgllyp [ylalidu = llglly pllgllg . = llgllf D
(**)
62



Therefore, by using (*) and (**)
ol [ lglfdn = gt [ 112w = g%
Io) 0

can be written. From here, we get

lgllgn = Iflppllgllp:

As a result, by (1.8)

IF(O ke 7 F(H = llgllgnllfllpp

and

F(lk Lol
||f||,,m>’ @D

can be obtained. Therefore, there is a function f = |g|Z_2g3
satisfying
IFI = llgllg -

Consequently, the norm attains the supremum and [|F|| =
lgllgp by (1.7).

Lemma 1. Let (Q, M, 1) be a finite measure space. Let g €
LLc(Q, M, 1) be such that for any M > 0 and for every simple
function s €S ={s =s.e;+53e,|5q, s, €S} the following

inequality
f sgdu

0

< Mlisllpp
K

holds for all 1<p<oo. Then g€ L Bc(Q, M, 1) with
lgllgp < M, where p and q are the conjugates.

Proof. The proof will be seperated in two cases.

—-63--



Casel. letp=1and B = {x € 2: M < |g(x)|}. It is easy to see that B
is in M. If we choose the function s = e Y5 + e, xp, then by hypothesis

we have
f sgdp f gau
Q B

f(el)(B + ey xp)gdu
2

k k k

<IWWW<WWMMD
B

namely

[z gdul, < [5lgledu < Mlixsllip = M(erm (B) + exp2(B)) =
fB Mdu.

Then one can see that
J,(1gli — M)dp < 0.

Since |g|, > M, we can conclude that u(B) = 0 which means
that g ()|, < M (u-ae.) and so [lgllop < M. As a result, the
lemma is proved for Case I.

Case Il. Let 1 <p <. Since |g|;z > 0, there exists a
sequence of nonnegative simple functions {s,},ey Such that s,
1

]I» pa—

— |g|¥ pointwise by Proposition 5. Let t, = s? - sgnp(g) be a
sequence derived from {s,}, ey Where sgnp(g) = g3/lgsl, and g;
is the third conjugate of g. Note that each t,, is a simple function and

1 1 1
P Py »
”tn”p,]])) = <f|tn|£d#) = (f dﬂ) = (flsnlkdﬂ>
0 0 k 0

1
_ 14
= lIsall? .

1
sy, - sgnn(g)

Since
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1
gt = gsL - sgnp(g) = 52 - lgli >
it can be written by the hypothesis that
0= [ysndu < [, 9 tndu < Mlityllpp-
Therefore, we get
J, $ndu < M1

By using the bicomplex monotone convergence theorem
[Theorem 3.7] in (Ghosh & Mondal, 2022), we can conclude that

flgIZdu < M4,
0

where g € LE(Q, M, 1) and [Igllgp < M.

Theorem 5. (Riesz Representation Theorem for BC-Lebesgue
spaces). Let (Q, M, u) be a o-finite measure space and 1 < p < oo.
If T is a linear functional in L’I’B(C(u), then there exists a unique

function g in L () such that
T(f) = J,fgdu (1.9)

for all elements of L%(C(u) and
Tl = llgllgp (1.10)

where p, q are the conjugates.

Proof. At first, the uniqueness of g will be shown. For this,
suppose that there exists functions g,, g, € L (w) such that satisfy

(1.9), namely
fgl dp = ng du
E E

forall E € M with u(E) < ooy where

91(0) = e gV (1) + 6,92 () and gy(x) = e1 9 (x) + e,957 ().
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Since (Q, M, 1) is a o-finite measure space, we can find a
sequence of disjoints sets {2,},eny IN M such that u(Q,) =
e iy (Q,) + exu,(Q,,) < oop forall nand

Q= U Q.
n=1

Now, let A: = {x € 2: g, (x) > g2(x)}and B: = {x € 2: g;(x) < g,(x)}.

Then
fgldu= fgzdu

2,NA 2pNA

and so

0= f (g1 — g2)du
QpNA

=e f (951) - gél))dul
2,nA

+ e J (6 - ) dp,.

2pNA

Since g1(x) > g,(x) i.e. ggl)(x) > ggl)(x) and giz)(x) > ggz)(x) forall
x € 2, N A, we can find that y, (2, N A) = 0 and u, (2, N A) = 0 forall
n € N. Then

u(A) = equ1(A) + ez (4)
=e  Xn=1 1 (AN + e Y11, (AN ND,) =0.
Similarly u(B) =0 and g = g (u; -ae), g2 = g? (u, -ae).
Therefore g; = g, (u-a.e.) and this proves the uniqueness.

Now we'll prove the existence of g by cases.

Case 1. Let u(Q2) < cop and define

e1v1(E) + e;v,(E) = v(E) = T(xg) = erT1(xg) + e2T2(xg)
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for each E € M. Since u(Q) < oop, we get w1 (E), p(E) < oo.Thus

Ixellpp = edllxelly, +e2llxelly.,
1 1 1

= e 1 (E)P + ey, (E)P = p(E)?P

by Definition 2.2 in (Degirmen & Sagir, 2023). This means yp € L%(C (w.
Now, it will be shown that v = e;v; + e, v, is a D-signed measure on M.
It is easy to see that x4 is the zero function in L%(c(ﬂ) and so v(Q) =
T(xg) . Since T is a bicomplex function, v(-) is also a bicomplex

function. Likewise, let {E, },en be a collection of disjoint sets in M and
define

Therefore, one can write

n
XA, = z XEy
k=1

by induction and

n n
T(XAn) = elTl(XAn) +eT, (XAn) =e Z T, (XEk) +e; Z T, (XEk)

k=1 k=1
n n n

= 6’12 vy (Ex) + e, Z vy (Ey) = Z v (E)

k=1 k=1 k=1

by the linearity of T. Since
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lxa, = 22l , = exlla, = xell,,, + e2lla, = xell,,.
1

P P
e <f|XAn - )(Elpd#1) te; <.[|XAn —XElpd#2>
Q Q

1 1 1
= ey i1 (E\Ap)P + ey i, (E\A,)P = (.U(E) - M(An))p

and {4, }.en IS an increasing sequence, we have u(E) = limpu(4,)

n—oo

namely
li - = 0.
limp |4, = xe]],,, =0
Using the D —continuity of T in Lf’m (u), it follows that
limpT(xa,) = T(xg)
n—oo

and

v(E) = ev1(E) + e;v,(E) = e;T1 (xg) + €2 T2 (xg)

n
= e1rlli_r>{)10T1()(An) + ezrlli_r)roloTz(XAn) = limpT(xa,) = limp Z v (Ey).
n—->oo n—-oo k:l
This last equality says that v is a ID-signed measure. Now, ID —absolute
continuity of v with respect to u will be proved (v <p u) by using
Theorem 3.12 in (Ghosh & Mondal, 2022). Suppose that E € M with
u(E) = 0. Then

Ixellpp = ellxellpu, +e2llxellpu,
1 1 1

= ey (E)P + ey, (E)P = p(E)P.

This says that yg is equal to the zero function in L%C(Q,Jv[,u) and
T(xg) =0, namely v(E) =0 and so v <p u. By Theorem 3.16 of
(Ghosh & Mondal, 2022), the bicomplex version of Lebesgue-Radon-
Nikodym theorem for measures (signed) finite, there is a bicomplex
measurable function g such that
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v() = [ g

E

for all E € M. Therefore

f gau = f (e191 + e292)(erdpy + exdus)
) 0
=e f&hd!h + e fgzdllz =e;v,(2) + e,v,(2)
0 0
=v(2) = T(xo) = T(1) < oop,

and g € Lic(Q, M, ). Let us check whether g meets the hypotheses of
Lemma 1. Let s € Ly (Q, M, 1) be a simple M'-measurable function with
the following canonical representation

(1)

_ _ n 1 (2
S=e15; +eS; = ey Np-1a;

n 2
XE 1T €2 k=10 " XE,-

Then, by using the definition of T, we get

n n
T(s) = e;T1(s1) + e;To(s2) = ey Ty (Z a,((l) XEk> + e, (Z a}({z) XEk)

k=1 k=1
n n n n
=e Z al((1) v1(Ex) + e, Z “;52) v (Ex) = e Z a;(cl) fg1dﬂ1 +e; Z 0515_2) fgzdllz
k=1 k=1 k=1 Ej k=1 Eyx
n n
=e j % (Z a) X5k> duy + e, f g2 <Z al) XEk) du,
0 k=1 0 k=1

= e1fg151dﬂl te; fgzszdliz = fngH-
2 2 2

Therefore, we have
T = [ gsdu
n

for all (step) simple function s € LB (Q, M, 1) . As a result of this,
IT()ie = [J, gsdul,
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If M = ||T||, then M is D —finite and it demonstrates that g meets the
criteria of Lemma 1. Therefore we can conclude that g € L% (Q, M, 1)
and

lgllgp < ITIl = M. (1.11)

Now, we shall demonstrate that T(f) = fﬂ gfdu for any fe€
L%C(Q' M,u). Letf € L%C(Q,M,,u) and € = e, &; + ey, > 0. Since the
set, obtained from simple functions, S = {s = sye; + sye, | 51, 52 € S}is
D —dense in L%C(Q' M, u), one can find a simple function s = e;s; +
e,5; € S c Ly (Q, M, ) such that

&
lgllgp +IITII+1

If = sllpp <

Then

IT(F) = f, afdul, = [T(H = T() + T() = [, afdu| < ITCF) = T(li + |, 59k — f, af du],
=IT(f = )l +|[,s9du = [, gfdu|, < AT =l + [,lglils = fledu

ST = sllpp + Ngllgpllf = sllpp = IIf = sl (ITI + 11gllgn)

< f = sllpp(ITIH+ gllgp +1) <&

Since ¢ is arbitrary, we can conclude that
() = [ ardu
n

for all f € LB.(Q,M,u) . Finally by using the Holder’s inequality
(Theorem 1), we can write [T(f)|x < |Ifll,pllgllgp wWhere

ITI < llgllgp- (1.12)

Now from (1.11) and (1.12) we have ||T|| = [|gll4p, which is done for the
Case 1.

Case 2. u(Q) = oo. Under the o-finiteness of y, there exists a collection of
measurable sets {Q,}neny such that Q=U;-;Q,, 2, c 2,,; and
w(,) < oo for all n € N. Therefore, Case 1 may be applied to the
measure space (£2,,, M N 2, u,) where u, is the restriction of u to M’ n
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Q. Now let T, = T|p (, 1. Then, there exists g,, € LE (uy) foralln e
N such that

Tw(h) = fﬂn hgndiin (1.13)
forall h € Lf’m(ﬂ, M, u) which vanishes outside 2,, by Case 1. Also

ITIl = Tl = llgnllgp- (1.14)

If we define

~ _ gn(x); x €,
gn(x) - {0’ x e -Qn

then, the integral in (1.13) can be written as
Ta(h) = fn hgnduy, (1.15)

for all he L%C(Q, M, u) which vanishes outside 2, . Since Gn41
restricted to £2,, have the same properties as g, under the uniqueness, we
have §,4+1 = gn in 0, . Now define g(x) = g,(x) if x € Q,, . Since
190 )k < 1Gn+1 ()| for all x € 2 and

limp g (x) = g(x),

n—-oo

we can say that

f 191%du = limp f 1Gnldu < 1119
0

n—-oo

by the bicomplex monotone convergence theorem in (Ghosh & Mondal,
2022). This implies that g € L{.(Q, M, p) and

Tl > llgllg - (1.16)

Let f be any element of L% (LM, u) and f, = f - xq . Then f;, vanishes

outside (2,, and the pointwise convergence f;, —> f existsin . Itis easy to
see that |f, — flx < |Iflx and so If, — fIF < |IfI7. By the bicomplex

Dominated convergence theorem, we have
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n—-oo

limg [ 1f, = flfdu = o,
n

D
The D — continuity of T implies that T(f,) = T(f) when n — oo .

Moreover, we have |f, - gl = [fulilgle < |flklgle =1f - gle, f-g€
Lo (Q, M, 1) and limp f,,g = fg. If we apply the bicomplex Dominated

n—-oo

convergence theorem once more, we get

n—-oo n—oo

J fgdp = limp f frngdp = limp f fXxa,9du
0 0N 0

= timg [ (20,20, e = tmp | Gt
0 0

= limpT(f) = T(f).

n—-oo

Thus, we get (1.9) and applying the Holder’s inequality once more,

Tl < Ifllppllgllgp

can be written. This means ||IT|| < llgllgp., and so ||IT]| = llgllgp by
(1.16), which ends the proof.

Corollary 1. The space L%C(Q, M, 1) with 1 < p < oo is reflexive.
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CHAPTER IV

On Geometric Structure of Bicomplex Weighted
BC —Modules Ik (BC)

Erdem TOKSOY'!
Cenap DUYAR?

Introduction

In recent years, a novel number system known as bicomplex
numbers has emerged as an expansion of the existing system of
complex numbers. The book written by Price (Price, 1991) is the
foremost recommended beginning work for bicomplex numbers.
Next, we recommend books (Alpay & et al., 2014) and (Luna-
Elizarraras & et al., 2015) that provide detailed explanations of the
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Samsun, Turkey, 0000-0003-3597-6161
2 Professor, Department of Mathematics, Faculty of Sciences Ondokuz Mayis
University, Samsun, Turkey, 0000-0002-6113-5158
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fundamental frameworks of bicomplex numbers, which concentrate
on functional analysis.

The following fundamental details concerning bicomplex
numbers are derived from books (Alpay & et al., 2014; Luna-
Elizarraras & al., 2015; Price, 1991). Let us begin by examining two
separate imaginary numbers, i and j, where i? =j2 = —1. This
results in the creation of two sets, C(i) and C(j), which are exactly
the same as set C. Additionally, let us take an imaginary number,
denoted as k, which is the result of multiplying these two imaginary
numbers and possesses the following characteristics:

j=ji=k
ik = ki=—j
jk =kj = —i

k2 = 1.

Consequently, the set of bicomplex numbers denoted by BC is given
as

BC = {z + jw|z,w € C(i)}.
The set BC can also be written as
BC = {a + bi + ¢j + dk|a,b,c,d € R}.

Addition and multiplication operations are defined in the following
manners:

(z1 +jwy) + (25 + jwy) = (21 + z5) + j(wy + W)
and
(Zl +jW1)(Z2 +]W2) = (Z]_W]_ - W]_WZ) +j(21W2 + W1Z2).

By undertaking these operations, the set BC improves into a
commutative ring and, as a result, becomes a module on itself. A
valuable subset of BC is denoted by D, which is called the
hyperbolic numbers set, and is properly described as

D = {x + ky|x,y € R}
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by replacing z and w with x and iy in the description of BC,
whenever x,y € R. Now, let us examine two complex numbers,

_14ij

1-ij
e = /

and e, =
These particular numbers possess the following properties, which
are readily apparent:

€16, = O, eq + e, = 1, €161 = €41, €265 = €.

Both the numbers e; and e, belong to the set of hyperbolic numbers
D. They constitute the idempotent basis of bicomplex numbers. A
bicomplex number z + jw can be expressed in a unique form:

Z+jw = ez + eyz,,

where z; = z — iw, z, = z + iw € C(i). The given mathematical
expression indicates the idempotent representation of bicomplex
numbers. Therefore, it ensures that every hyperbolic number
possesses an idempotent representation, that can be expressed as:

x+ ky =ea, +eya,,

where a; = x +y, a, = x —y € R. The non-negative hyperbolic
numbers are represented as D* and given by

D* = {e;a; + e;a;lay,a, = 0}.
Consider k, u € D. The hyperbolic numbers are equipped with a
partial order relation denoted by <, which is given as:
k < pifand only if u — k € D*.
Moreover, we write
Kk < pifand only if k < p butk # pu.

To find out more concerning the features of the partial order relation
<, please consult Section 2.6.2 of (Luna-Elizarraras & et al., 2015).
Let us now provide a brief overview of D-boundedness as presented
in Section 2.6.3 of (Luna-Elizarraras & et al., 2015). Let X c D.
Assuming X possesses a D-upper bound (or a D-lower bound) [, it
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implies that for any x € X, x can be comparedtoland x S [ (orl =
x). The set X can be described as D-bounded if it is D-bounded both
from above and from below. If X is a set that has a D-upper bound,
we determine the concept of its D-supremum, represented as

supX,
D
as the least D-upper bound for X. Similarly, we establish its D-
infimum
infX,
D
as the greatest D-lower bound for X. In this context, the least D-
upper bound denotes
supX = [
D
for any D-upper bound [, even though not all D-upper bounds are

comparable to one another. Likewise, the greatest D-lower bound
signifies that

[ < infX
D

for any D-lower bound [, even though not all D-lower bounds are
comparable to one another. Consider the sets

Xl = {xl: X1€1 + X285 € X}
and

Xz == {xz: x181 + xzeZ € X}
If X is D-bounded from above, then

supX = supX;e; + supX,e,.
D

If X is D-bounded from below, then
iBfX = infX;e; + infX,e,.

Additionally, the following items satisfy:
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(1) If both X and Y have a D-lower bound, then X + Y also has
a D-lower bound and

inf(X +Y) = infX + infY.
D D
(i) If both X and Y have a D-upper bound, then X + Y also has
a D-upper bound and
sup(X +Y) = supX + supY.
D D

For a bicomplex number z + jw, |z + jw]|, represents the
hyperbolic modulus and is indicated by

|z + jw|2 = (z + jw)(Z — jw).

By representing the complex number z + jw in idempotent form, we
obtain

1z + jwlk = le1z; + exz3|k = eq|z1| + €3]z, (1)

Modules are defined as algebraic structures that are constructed
over rings, similar to how vector spaces are constructed over fields.
A module X is referred to as a BC-module if it is defined over the
ring BC (see (Gervais Lavoie & et al., 2011; Rochon & Tremblay,
2006)). Conside E be a BC-module. Let us take u,v € E and 1 €
BC. A function ||. ||p: E — D™ is considered to be a hyperbolic (D-
valued) norm on E if it satisfies the conditions listed below:

() llullp = 0 ifand only if u = 0.
(i) 1Aullp = |4l llullp.
(i) llu + vllp = llullp + [Ivlp-

The hyperbolic modulus |. |, with representation (1) refers to
the hyperbolic (D-valued) norm of z + jw € BC. Let v,n € BC and
y € D*. The following characteristics are thereby associated with
the hyperbolic (D -valued) norm |. |:

(i) lvl, = 0ifand only ifv = 0.

(i) lunli = [vlklnl.
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(iii) lv + nl = [l + 0l

W) Iyl =v

W) lyvle = ylvlk

Consider X as a BC-module. Therefore, we possess
X = e X1 +eX,

such that X; = e;X and X, = e, X are complex vector spaces and
also BC-modules. The equation presented here is commonly referred
to as the idempotent decomposition of X. Consequently, every x
belonging to the set X can be expressed uniquely as x = e;x; +
e,x, , Where x; € X; and x, € X, (see (Gervais Lavoie et al.,
2010)). Let X; and X, be normed spaces equipped with norms ||. ||
and ||. ||, respectively. The BC-module can be equipped with the
hyperbolic (D-valued) norm determined by

Ixllp = eqllx1ll; + ez llx2 |l

Consider T is a BC-module with the hyperbolic (ID-valued)
norm ||.||p. A sequence (t,) belonging to T converges to t, € T
concerning the hyperbolic (ID-valued) norm ||. ||, if for every 0 < €
there exists ny € N such that ||t,, — t,llp < € for all n = n,. In this
study, the term used for describing this convergence is D -
convergence (or D-converges). Also, the term D-divergent will be
used for D-non-convergent sequences.

Consider T is a BC-module with hyperbolic (D-valued) norm
II.llp . A sequence (t,) belonging to T is Cauchy sequence
concerning the hyperbolic (ID-valued) norm ||. ||, if for every 0 < €
there exists ny € N such that [|¢,, — t,,|lp < € for all n,m = n,. If
every Cauchy sequence in X with respect to the hyperbolic (ID-
valued) norm ||. ||p ID-converges to t, € X, then we say that the BC-
module X is complete with respect to the hyperbolic (ID-valued)
norm |. ||p.

A bicomplex Banach module is defined as a complete real-
valued normed or hyperbolic (D -valued) normed BC -module.
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(Kumar & etal., 2011; Gervais Lavoie & et al. 2010; Gervais Lavoie
& etal., 2011; Kumar & et al., 2016).

The Lebesgue sequence spaces are a family of sequence spaces
that are important in functional analysis and measure theory. They
are named after the French mathematician Henri Lebesgue, who
made significant contributions to both fields. These spaces are
defined as the collection of all sequences of complex numbers that
satisfy certain convergence properties. The weighted Lebesgue
sequence spaces are a class of function spaces that generalize the
classical Lebesgue sequence spaces. These spaces have been
extensively studied in functional analysis and have applications in
various areas of mathematics and engineering. In recent studies,
(Glingor, 2020) and (Degirmen & Sagir, 2022) examined the
geometric characteristics of non-Newtonian Lebesgue sequence
spaces and bicomplex Lebesgue sequences, respectively. Also,
(Ogur, 2019), (Sagir & Alsalvar, 2019) pertain to the examination of
the geometric characteristics of the weighted Lebesgue function and
sequence space, respectively. Furthermore, there have been new
investigations into bicomplex function and sequence Lebesgue
spaces, which can be seen as extensions of Lebesgue function and
sequence spaces. There is a significant amount of research in the
literature that examines the geometric characteristics of bicomplex
Lebesgue function spaces and Lebesgue sequence spaces.
(Degirmen & Sagir, 2023) and (Toksoy & Sagir, 2023) are among
the notable examples. Besides, (Degirmen & Sagir, 2021) examined
the D —topological duals of bicomplex Lebesgue sequence spaces
with hyperbolic (D-valued) norm.

Recent work (Sagir & Giingor, 2023) introduces the weighted
bicomplex sequence spaces l’g,a(IB(C) as a generalization of the
bicomplex Lebesgue sequence spaces l’,;(]B%C) with hyperbolic (ID-

valued) norm, where « is a bicomplex weighted sequence. Initially,
this study will address the findings of earlier studies, mostly focusing
on the results of studies (Sagir & Glingor, 2023) and (Degirmen &
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Sagir, 2023), which will serve as the foundation for the main portion
of this study.

To begin, let us summarize some valuable observations gained
from the findings of the study (Degirmen & Sagir, 2023).

Definition 1.1. Consider w,A € BC and w # 0. The map given
by wt = eA™ s referred to as the principal value of the bicomplex
power w? . For 1= Ae; + e, and w = wye; + wye, , we
observe that

A _ JALlnw _ |, M1 A2
wt=e =w,"e; +w, %e,

Particularly if A € R, then we have
wh = erl + Wz)lez.
Lemma 1.2. Consider p € R with 2 < p < co. Assume that u
and v are any two bicomplex numbers. Then we have
lu+v|f + [u—v|? 32771 ([ul? + [vIP).

Definition 1.3. Consider A is a subset of a BC-module E. Then
A is described as a BC-convex setif u,v € E and y € D satisfying
0 Sy = 1impliesthatyu + (1 —y)v € A.

Let us briefly outline the significant findings derived from
(Toksoy and Sagir, 2023).

Definition 1.4. Assume that B is a bicomplex Banach module
with the hyperbolic (D-valued) norm ||. || p. Then B is described as
BC-strictly convex, if lyu+ (1 —y)vlgp<1forall0 sy =<1
withy € D*, u,v € B with |lullzp = [lvllpgp = 1 and u # v.

Definition 1.5. Assume that B is a bicomplex Banach module
with the hyperbolic (D-valued) norm ||. ||g p. Then B is described as
BC -uniformly convex, if for any € € D* with 0 < e < 2, the
conditions [[ullzgp 1, [lvllgp 1, lu —vllgp = € imply there
exists a 6 = 6(e) € D*\{0} such that ||”+v

2
u,v € B.

<1-46 for all
B,D

--82--



Lemma 1.6. Consider p € R with p € (1,2] and q = ﬁ.

Assume that u and v are any two bicomplex numbers. Then we have
q-1
lu+vl] + lu—vlf 3 2(lul} +vIE)" .

Let us present a significant theorem provided in (Degirmen &
Sagir, 2023). Also, for the definition and properties of the bicomplex
BC —modules 1% (BC), see (Degirmen & Sagir, 2023).

Theorem 1.7. Let 1 <p < o. Then llg(]B(C) is BC -strictly
convex.

In the following, we briefly describe the properties and
definitions of the weighted bicomplex sequence spaces L , (BC)
that have been extensively discussed in (Sagir & Giingor, 2023).

Definition 1.8. A bicomplex weighted sequence
a = {a(m)}n=o
is a sequence of positive hyperbolic numbers with
0((0) =€ + e, = 1,

> am)

n=0
is D-divergent and a(n) 2 1.We define the sets L ,(BC) for 0 <
p < o and l%, ,(BC) utilizing the hyperbolic (D-valued) norm |. |
in the following manner:

l’,ﬁ,a(IB(C): = {u = (u,) € s(BC): Z Iunlza(n) D — converges}

n=0

where 0 < p < o0 and

1X o (BC): = {u = (u,) € s(BC): sup{|u, | a(n):n € N}is finite}
D
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where s(BC) is the BC —module of all bicomplex sequences. Let

Uy = Upr€1 + Upyey, a(n) = a;(n)e; + ay(n)e, . Then  the
complex series

oo oo

Z |un1|pa1(n),z [Unz [Py (n)

are convergent and so the sequences {1 }n=o and {u,,}y=o belong
to the weighted sequence spaces of complex numbers [, , and [, o,

respectively. Thus, l’g,a(]B(C) consists of all bicomplex sequences
u = (u,) = (Up1ey + upze;) such that u; = (u,) € l,,, and
Uy = (Upz) € by, Where a; = a;(n), a; = ay(n) are complex
weighted sequences. Therefore l’,;",a(]BBC) can be written as

s o(BC) =Ly g €1+ 1y g€

Consider u = (u,) = (upqe1 + upze,) € LK L (BC). Then the
sequences {1 In=o and {u,,}n=o belong to the weighted bounded
sequence spaces of complex numbers I, and [ o, respectively.
As a result, IX ,(BC) consists of all D-bounded sequences u =
(un) = (upse1 + upzey) such that uy = (Upy) € lo gy, and u, =
(Unz) € loq,. Hence 1%, (BC) can be written as

15 ¢(BC) = loy g €1 + loo g, €2-

Proposition 1.9. The set I%, ,(BC) is a BC-module under usual
addition operation in sequences and bicomplex scalar multiplication.

Remark 1.10. Let {a(n)},-, be a bicomplex weighted
sequence. Consider u = (u,) €I ,(BC) , where u = (u,) =
(upi€1 + upze;) and {a(n)}n-, are bicomplex weighted
sequences. Clearly, the weighted spaces [, o, and o, o, are normed
spaces with norms

luslleo,e, = sup{lunlas(n):n € N}

and
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”uzlloo,az = Sup{lunzlaz(n): ne N}

respectively. Hence, we can endow the BC-module l%, ., (BC) with
hyperbolic (D-valued) norm that is given by

Iu i, o (Be)= l[talleo,, €1 + U2l €2-

Let us take the function II. Il kg, that is defined as
Il moy= s%p{lunlka(n):n € N}
Therefore, we have
lhulip ik o= ik @ 2)
for all u € I%, ,(BC). Also, we can write
IIu "l’éo,a(IB(C): lajuslloer + llazuslloe;

Remark 1.11. Let {a(n)}n-, be a bicomplex weighted
sequence. For 0 < p < oo, we have

llg‘a(]B(C) = lp,alel + lp‘azez

where a(n) = a;(n)e; + ay(n)e,, u, = uy 61 + uyye;, such that
lp,«, are complex weighted Lebesgue sequence spaces in sense

lp,ai = {ui = (uni) € s(C): Z |un;|Pa;(n) < oo,i = 1,2-}
n=0

1
Obviously, if u = (u,) €lf,(BC) , then (una(nﬁ) €
1% (BC).

Proposition 1.12. Let {a(n)} =, be a bicomplex weighted
sequence. Then the set l’gla(IB(C) for 0 < p < o is a BC-submodule

of s(BC).

Remark 1.13. Let {a(n)}n-, be a bicomplex weighted
sequence. Consider u € I§,(BC) with u= (u,) = (upie; +
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Una€z), @ = (a(n)) = (ay(n)e; + ay(n)e,), for 0 < p < 0. We
may write

ll];,a’(]B(C) = lp,alel + lp‘azez.

Obviously, the weighted Lebesgue sequence spaces L, ,, and I, o,
are normed spaces with

0 1/p
luilly, ., = <Z |uni|pai(n)> ,  i=12
n=0

for 1 < p < oo. Therefore, we can endow the BC-module l’,ﬁ,a(]BC)
with hyperbolic (ID-valued) norm that is given by

Il ik wey= Il o €1 + Nzl 02

where u; = (Upq), Uy = (Upz), @1 = a1 (n), ay = a,(n) . Let us
take the function Il u llk g, defined as

0 1/p
Fully  moy= (2 Iun|£a’(n)> -
n=0

Hence, we obtain
Wi gt mey=I % ik (mey (3)
forall u € L% ,(BC)

Let 1 <p <oo. Let us take a = a,e; + aze, . Given that
spaces Lt ,(BC) and l% ,(BC) can be written as

l’p‘}a(]B(C) = lp,alel + lp‘azez
and
l’oco‘a(]B(C) = loo,alel + loo‘azez,

respectively, where [, .. and [ o, are Banach spaces for i = 1,2,
and equations (2) and (3) are considered, it is clear that normed
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spaces ll’;’a(((:) and X, ,(BC) are the bicomplex Banach modules

with hyperbolic (ID-valued) norms from Theorem 3.5 in (Kumar &
Singh, 2015) and Theorem 1.1 in (Kumar & et al., 2016).

Let {a(n)};-, be a bicomplex weighted sequence. This work
demonstrates the BC-convexity of L ,(BC) and I% ,(BC) for 1 <

p < co. It is asserted that L ,(BC) is BC-strictly convex for 1 <
p < oo, and BC-uniformly convex for 2 < p < co. The D-Holder’s
and D-Minkowski inequalities were stated for the case of p € (0,1).
Furthermore, it is established that L5 (BC) and L ,(BC) are BC-

uniformly convex for, 1 < p < 2.
Main Results

Theorem 2.1. Let {a(n)}y-, be a bicomplex weighted
sequence and 1 < p < oo. Then ¥ ,(BC) and 1% ,(BC) are BC-
convex.

Proof. In the beginning, let us demonstrate the BC-convexity of
1% (BC) for 1 <p < oo. Let { = ({p),n = () € 1%, (BC) and
yeD* where 03y=s1 . Then X3, |¢:lha(n) and
Yo |nnlha(n) coverges. Also, we have

Vén + (1= PImlfa(m) = |06y + (1 = PImdaP @)y
s (lyznal/p(n)lk + |(1 a y)nnal/p(n)|k)p
~ <Zsup{|y( al/p(n)l |(1 -y al/p(n)| })p
D n K’ n k
= 2Psup {|V€na1/”(n)li, |1 - )/)nnal/”(n)|Z}
= ZPS%p {yp|(na’1/p(n)|z, (1- y)plnnayp(n)lZ}

P P
2 27 (VPGP @[] + (1 = )P |na P ()]}
for all n = N U {0}. Hence we write
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Z lyTn + (1 — YInulha(n) 3 2P <)/p Z |Ca/P )|}
n=0 n=0

+(1—y)P Z Inna””(n)l,i>

n=0

=27 (yp D laalbaw
n=0

HA=yP ) Il |
n=0

Therefore, based on the comparison test, it can be concluded that the
series

D Iyén+ (= Pmallat)
n=0

is convergent. Thus, y{+ (1 —y)n € ,(BC) is achieved as
intended. Hence, it can be concluded that l’g,a(]B(C) is BC-convex.

Now, let us demonstrate the BC-convexity of 1% ,(BC). Let
{=(G),n=0y) €LE(BC) and y € Dt where 03y 3 1.
Then

S%p{linlka(n):n € N}

and

Sgp{lnnlktx(n):n € N}

are finite. Therefore, we obtain
S%p{h/(n + (1 = Y)nplra(n):n € N}
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3 Sgp{}/l(nlka(n) + (1 = y)npla(n):n € N}
= VSH;lp{IinIka(n): n€N}+ (11— V)sgp{lnnlka(n): n € N}.

Consequently, y¢ + (1 —y)n € 1% ,(BC) is established. Hence, it
can be concluded that I% ,(BC) is BC-convex.

Theorem 2.2. Let {a(n)}sy-, be a bicomplex weighted
sequence. Then L% , (BC) is BC-strictly convex for 1 < p < co.

Proof. Let {,n € 1% ,(BC) with { # 7,

”ZHD,l’ﬁ,a(IB(C) = ”77”11)),1’,;0((183@) =1

1
and y € D* with 0 Sy 1. By Remark 1.11, we get {ar €
1
1%(BC) and nar € L5(BC). Then we have

1
e

As stated by Theorem 1.7, it has been established that l’,;‘(]B%(C) has
BC-strictly convexity for 1 < p < oo. Therefore, we obtain

= 1.

1
=1 and ”na5
D,1X(BC)

D,1%(BC)

1
VS + (=1l g ey = || 06 + 1 = I
pa D, 1 (BC)

<1
D,1%(BC)

1 1
= ”)/6065 + (1 —y)na?

for 1 < p < oo. Consequently, the property of BC-strictly convexity
is assured in 1% , (BC) for 1 < p < co.

Theorem 2.3. Let {a(n)}y-, be a bicomplex weighted
sequence. Then ll’g,a(IBS(C) is BC-uniformly convex for 2 < p < oo.
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Proof. Let 2<p <o . Let us take { =({,),n= () €
lpe(BC) . eeD* with 0<ex2 , lpx @eoS1 .

7l ey 3 12 1€ =1l ey = € Thus, we can write

14 _ p

= z |(n + T]nlia(n) + z Kn - nnlza(n)
n=0 n=0

= 2. (15 + mala@) + 18, = )

n=0

1 p
({n - T’n)ap(n)|k>-

1 14
(¢ + nn)ap(n)|k +

By applying the inequality stated in Lemma 1.2, we have

D AP
IS + 77”@,115_“(]3;@ +11¢ nllD,L’g_a(lBs(c)

o0}

< Z 2p71

n=

1 14

1 p
(naﬁ(n)| + [npaP(n)
k

k

2207 (3 lalba@) + ) Il
n=0 n=0

=277 (1,45 o) * Wl 5, o)
< 2p-1 9 — 9P,
Therefore, we get
p 328 =1 —7l? s 2 et
17 + ”llu»,l’g,a(B@ 2P —||¢ 77||u»,z’5,a(133@ < 2P —¢P,

it follows that
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1 1

p e\P\p
—1Ig + )=(1-G) )

p\1/P
If an assumption is made that §(¢) = 1 — (1 — G) ) , then it is
possible to conclude that l’,;,a(]BSC) is BC-uniformly convex for 2 <
p < oo,

=

Lemma 2.4. (D-Holder's inequality for p € (0,1)) Let p and
q be real numbers with 0 <p < 1and —o < p < 0 such that%+

% = 1. Assume that {,,,, n,,, € BC for m € {1,2, ..., n}. Then we have

1 1
n n 5 n a
> Kmimli 2 (2 |<m|‘,:> (Z |nm|z> .
m=1 m=1 m=1
Proof. Suppose that the conditions of the lemma hold. Let ,,, =

{mi1e1 + {moez and N, = N1 + Nmae, for m € {1,2,...,n}. By
using the properties of |. |, we can write

n n
D ontimle = )" bl
m=1 m=1

= z |Cmie1 + maezlilnmier + Nmaealk

m=1

n
= > Umaler + 1male) (s les + Imzlez)
m=1

n
Z Umallmales + 1Gma mzle2)



By applying the usual Holder’s inequality for p € (0,1) in Section
2.8 of (Hardy & et al., 1952), we get

E 1
nZ Tl % (mz |zm1|p)p (; |nm1|q>q e
. E 1
14 q
+ (Z |cm2|P> (2 |nm2|q) e,
m=1

~

X (Zn: |T]m1|q>

m=1

n q
e1+<z |77m2|q> €y |

m=1

By considering the property stated in Definition 1.1, we obtain

zn: |mnim ke = (Zn: |(m1|p>e1+<zn: |(m2|p>e2
m=1 m=1 m=1

n n
X <Z |77m1|q) e+ (Z |77m2|q> €2
m=1 m=1
1
n p
= (Z |{m1lPes + |(m2|pez)

m=1

Q|

--92--



1
q
|77m1|q91 + |7]m2|q92

m=1
1
n p
= (Z (Gmales + |<m2|ez)p>
m=1
1
n q
x (Z (Mmales + |nmz|e2)q>
m=1
1
n p
= <Z |{mieqr + (m292|Z)
m=1
1
n q
X (Z |7mier + 77m232|Z>
m=1
1 1
n 5 n a
m=1 m=1

Lemma 2.5. (D-Minkowski inequality for p € (0,1)) Letp
be a real number with 0 < p < 1. Assume that {,,,n,, € BC for
m € {1,2, ...,n}. Then we have

1

1 1

n P n P n p

(z o +nm|z> = (Z |<m|2> +(Z |nm|£> .
m=1 m=1 m=1

Proof. Suppose that the conditions of the lemma hold. Let {,,, =
{mie1 + {mzey and 0y, = ey + Nmpe, form € {1,2, ...,n}. By
using the properties of |. |, and the property stated in Definition 1.1,

we can write
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3 o

= (Z |(Cmie1 + Gmae) + (Mmier + nm232)|£)
m=1

1
p

|

D

= Z |(Cm1 + Mm1des + (mz + Umz)ezli)
m=1

1
14
= Z |€m1 + 77m1|p6’1 + |(m2 + 7]m2|p6’2

m=1

(Z |1 + 77m1|p> e; + (Z |Cmz + 77m2|p> )
m=1 m=1
(Z |m1 + 77m1|p) e+ (Z |mz + 77m2|p>

By applying the usual Minkowski inequality for p € (0,1) in
Section 2.11 of (Hardy & etal., 1952), we get

(Z |cm+nm|p> (2 |<m1|P> +<Zl |nml|p>5 2

SIS

--94--



m=1 m=1
1 1
n P n P
+ (Z |77m1|p> e1+(z |7Im2|p> e
m=1 m=1
1
n n 5
= (Z |(m1|p)e1+(z |(m2|p>ez
m=1 m=1
1
n n p
+ (Z |nm1|P>e1+<z |nm2|p)ez
m=1 m=1

|

n % n D
= (Z GmalPey + |cm2|pe2) +<z s [Py + |nm2|Pez>
m=1

m=1
1

n D
(Z (Gmsles + |<m2|e2)p> ' (Z (males + |nm2|e2)p>

1

n 5 n
z |¢mier + (m232|£) (Z |7mier + 77m292|k>

1

1
P
m=
1
P

i| |p>_ (; |nm|£>-

m=1
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Proposition 2.6. Letp and g be real numbers with 1 <p < 2
and ¢ = —. Assume that { = ({,,),n = (1,) € [5(BC). Then we

have

q-1
(||<||le(m) ¥ |InIIle(B@)

Proof. Suppose that the conditions of the theorem hold. Firstly,
we can write

1
> p-1
11 o = (Z m") =<Zl |cn|Z(’"“> @

= ”l(l ”]D)lk (]BC)'

By applying the equality (4) to 1€+ 11l i« gy a0 1€ =111 e ey

respectively, and using D-Minkowski inequality for p — 1 € (0,1),
we get

q _ q
”Z + n”D’llﬁ(B(c) + ”( n”D'llg(B(C)
— q q
= |||€ + nlk”]D),l’g_l(B(C) + ”l{ - nlk”]]]),llp(_l([B(C)
q .14
3 ”K + 77|k + K nlk”]])),ﬂg_l([gg(c)'
By utilizing the expression provided in Lemma 1.6, we obtain

q _ q

< 2||(gl + 1) |

D,%_, (BC)
1

o] _p—l
(g-1D)(-1)
=2 (Z (%12 + Inal?) )
n=1
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1
p—1

=2 Z (l(nlz + |7]n|£)

n=1
p p -1
=2 (ncnw(m + |InIID_l,I§(M))

Theorem 2.7. Let 1 < p < 2. Then l‘g(]BB(C) is BC-uniformly
CONVEX.

Proof. Let 1<p<2. Let us take ¢ = (), n =) €
[;(BC), € € D* with 0 < € 3 2, [Illp @y 3 1. Inllp,k@ey 3 1.

II¢ — U"D,z’g(m) % €. By Proposition 2.6, we can write

q
q-1
< p p _ _ q
S 2 (612 oy + 102 ey) = 16 =108

<24 — ¢l = 24 (1 - (%)q)

Then, we have

e\ 4q
4 < 9D Y
1< +77”1D),l’,§(ms(c) s 2 (1 (2) )

Hence, it follows that

S

”Z+n
2

< (1 - (g)q)a

q\1/a
If an assumption is made that §(¢) = 1 — (1 — (g) ) , then it is

possible to conclude that l’g(IB%(C) is BC-uniformly convex for 1 <
p < 2.

1
— [ 14
- (2,, 17 + nIID,lg(M)

D,IX(BC)
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Proposition 2.8. Let {a(n)};-, be a bicomplex weighted
sequence. Let p and g be real numbers with 1 <p <2 and q =

ﬁ. Assume that ¢ = (¢,,),n = (11,) € ¥ ,(BC). Then we have

¢ + 77”?»,1’,;“(133@ +1I¢ - "lluq)),l’,s,a(macc)
q-1
<2 (II(IIW — ”nllnml"a(lB%(C))

Proof. Let v = (v,),s = (s,) € Li(BC) . By D -Minkowski
inequality for r € (0,1), we can write

1 1 1
(o8] r (o8] r (00} r
(Z mm) +<Z |sn|;> 5(2 Ivn+sn|z). ®)
n=0 n=0 n=0

Let {a(n)}-, be a bicomplex weighted sequence. Let p and g be

real numbers with 1 <p <2 and g =-2-. Assume that { =

p—1
(¢n),n = () € 1 ,(BC) . Thus {ar,nar € L5(BC) by Remark
1.11. Let us replace r by g and in (5) for

1 q
Up = ((n + nn)ap(n) .

and

1 q
= ({n - Un)dp(n)|k-

Then we write

(i (G + nn>ap(n>| ) (Z

n:

[

(Gn =

o
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N
'NA
k)

q

+
k

= (Z ( (cna%(m + nna%(n)>
n=0

)

By using Lemma 1.6, we get

5 q |

(¢n + nn)a%(n)D5 + (i (n — nn)a%(n)Dp
= n=0
o pra-1\1
(S )
=2 (Z < Tlnall’(n)D)
=2 (i 1l (n) + i Innlia(n)>
n=0 n=0

q-1

1

3 ( < (Gn + nn)aﬁ(n) (Cn — nn)aﬁ(n)
n=0

q

k

<

14
q
+

(zna%m) _ nna%(m)

o)

p

1 p 1
har (n)| + | a? n)
k

T

1 14
(naﬁ(n) | +
k

<

— 1% p
=2 (ncn%(m) + ||n||D,l,5_a(m))

whereq — 1 = g. Therefore, we obtain
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q-1
< z(ucnw o 112 ¢ (B@)

Theorem 2.9. Let {a(n)};-, be a bicomplex weighted
sequence. Then I , (BC) is BC-uniformly convex for 1 < p < 2.

Proof. Let 1<p<2. Let us take { = ({,),n =, €
lpe(BC) . eeD* with 0<e32 , lpx @yS1 .

”’7”11»1"“033@) 1, 1¢ - Ullle @c) = € BY Proposmonz 8, we can
write
q

q-1

S2(000 ooy + 0D o)) =16 =S

<24 — ¢l = 24 (1 - (%)q)

Then, we have

p
en?\q
19+ 110 ey S 27 (1-¢))

Hence, it follows that
1 1

P e\9\gq
omp (L (-
| D,1X 4 (BC) < IS+ r,”]D’ 15, a(B@) ( (2)

q\1/a
If an assumption is made that §(¢) = 1 — (1 — (g) ) , then it is
possible to conclude that l’g,a(IB%(C) is BC-uniformly convex for 1 <
p < 2.
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CHAPTER V

Degree Based Topological Descriptors and
Polynomials of Certain Dendrimers

Esra OZTURK SOZEN!
Elif ERYASAR?

Introduction

Nowadays, computer-aided design for productions in every
field is a trend investigation area. Owing to this, it is possible to
avoid from losts such as time and budget, arising from long and
costly experimental processes. Using graph theory applications is
one of the methods contributing to this aim.

Graph theory is related to the modeling of objects and relations
of each object with each other by representing each object as a vertex
and each relation of objects as an edge. The concept of topological
index, which takes place in chemical graph theory, succeeds to

1 Assistant Professor, Sinop University, Sinop-Tiirkiye
2 Research Assistant, Sinop University, Sinop-Tiirkiye
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obtain numeric values from molecular graphs of compounds, and
these numerical datas have a big importance for the creation and
efficiency of existing and also new designs. Every time it is not
impossible to do computing stages manually via formulas. There are
hundreds of topological indices and also various of them have
complex formulas. To avoid from difficulties of calculations, there
exist some methods applied via algebraic polynomials such as "M-
polynomial”, " CoM -polynomial” etc... (See from [1-3]) Each of
them is a degree-based polynomial derivated by the edge and vertex
partition technique from the graph and complement graph of a
compound.

In [17] authors handled the optical transpose interconnection
system swapped network via topological indices. In [18],
polynomials of degree-based topological indices for the OTIS and
swapped networks have been studied.

Dendrimers are multibranched composite structures that have
been studied extensively [4-9] and are of many applications in drug
delivery [10, 11], catalysis [12], and light harvesting [13]. Nanostar
dendrimer is a part of the new group of macro-particles that appear
to be photon funnels just like artificial antennas and are used in the
formation of nanotubes, micro and macro-capsules, chemical
sensors, colored glasses, and modified electrodes [14-16].
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e gy poters

Figure 1. Bibliometric analysis of the keywords of dendrimers and
applications in physics

The Bibliometric analysis of the keywords in publications of
dendrimers in  physics wusing the WOS data base
(https://www.webofscience.com/wos/woscc/basic-search) is
presented on in Figure 1.

nanostafid@pdrimer  * 4
. L topol

. sraph "
wiegerindex 'y
8 ghay buwen
o

e g e
molecilags aph'; sccefigery
e o a . »

. dendrimer
.

Figure 2. Bibliometric analysis of the keywords of topological
indices and dendrimers
--105--



The Bibliometric analysis of the keywords in publications of
dendrimers in different fields using the WOS data base
(https://www.webofscience.com/wos/woscc/basic-search) IS
presented on in Figure 2.

Following the invention of dendrimers the possibility was
recognized of using them for improving optical sensor performance
[19]. Dendritic macromolecules are a new category of hyper-
structured material and have recently been introduced into optical
and optoelectronic applications. Here, functional chromophores can
be replaced at branches, cores, and the end of the dendrimers to
control their optical properties [20].

In this study, we calculate various Banhatti topological
(co)indices, which are defined in the near past [21-24], for two
dendrimers: Tetrathiafulvalene and Organosilicon dendrimers via
two algebraic polynomials mentioned above. We give numerical and
graphical comparisons to indicate the performance of indices and
coindices. We hope these representations and numeric data may be
helpful for testing the efficiency of optical applications of
dendrimers in the future.

Preliminaries

The complement of a graph G, signed by G, is a simple graph
with the same vertex set V(G) provided that any two vertices v, v, €
E(G) ifand only if v,v, & E(G) [25]. Over time, researchers have
begun to incorporate the nonadjacent pairing of vertices into
consideration while calculating some topological indices of
molecular graphs, resulting in degree-based topological indices
known as coindices. In [3] Kirmani constructed CoM-polynomials
as an alternative to M-polynomials using Berhe’s Lemma [26] as
follows:
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Lemma 1. The following statement holds for a connected graph G
of order n.

B ni(n; — 1)
my; = |Ey| = 2 -
ninj —mij , l <]

—my =]

The following representations will be followed in the rest of the
study for a graph G.

n; = |V;| forV; = {v € V(G), d(v) = i}
m;; = |El-j| for E;j = {uv € E(G), d(uw) =iand d(v) = j}
mij = |EU| fOI’ EU = {U,U (S E(G_), d(u) = iand n(v) :]}

where d(u), d(v) indicate the degrees of vertices that are adjacent
to u and v, respectively.

Definition 1. For a simple connected graph G, M and CoM-
polynomials are defined as,

M(G;x,y) = Z mgjxty

i<j
CoM(G;x,y) = Z igjxty!
i<j
where m;; represents the number of edges uv & E(G) such that

{(dw),d)) = {i, j3}.

Models and Methods

In this part of the study we will present some tables (Table 1
and Table 2) to construct our M-polynomials and CoM-polynomials
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by edge and vertex partition technique for our dendrimer molecules
given in Figure 3.

Figure 3. a.
Tetrathiafulvalene
dendrimer of generations
G, has grown 2 stages

Tetrathiafulvalene Dendrimer

b. The second member of the
Organosilicon dendrimer
structure

It has three type of vertices with the degrees 1, 2 and 3. Hence the
vertex partition of the structure such that n; = 6.2" + 4,n, =
8.2" 4+ 8,n3 = 30.2" + 8. Using these, we obtain the following
edge partition table (Table 1) by Lemma 1.

Table 1. Edge partition for Tetrathiafulvalene dendrimer

(dw),d)); uwy (13) | (21) | (22) | (23) | B3)
€ E(G)
|Ei].| = my; 4.2"—4 | 82" | 28.2" | 92.2" 12.2"
—4 -16 | —56 -9
|E;;| = m;; 180.22" | 48.2%" | 32.2%" | 240.22" | 450.2%"
+164.2"| +72.2™ | +32.2"| 4+ 212.2"| +213.2"
+36 +36 | +44 | +120 | +37

Hence related polynomials for Tetrathiafulvalene dendrimer

obtained as
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M(x,y) = (4.2" — 4)xy3 + (8.2" — 4)x?y + (28.2" — 16)x2%y?
+(92.2" — 56)x%y3 + (12.2™ — 9)x3y3
CoM(x,y) = (180.2%™ + 164.2™ + 36)xy3
+ (48.22" + 72.2™ + 36)x%y
+ (32.22™ + 32.2™ + 44)x?y?
+ (240.2°" +212.2" + 120)x2y3
+ (450.22" +213.2" + 37)x3y3

Organosilicon Dendrimer

It has three type of vertices with the degrees 2, 3 and 4. Hence the
vertex partition of the structure such that n, = 2.3" — 5,n; =
1?0. 3"—-2,n, = 1?6 3" — 4. Using these, we obtain the following
edge partition table (Table 2) by Lemma 1.

Table 2. Edge partition for Organosilicon Dendrimer

(d(w), d)); uv 2,2) 2,3) 3,4)
€ E(G)
|E;| = my 6.3" -6 4.3"—4 2.3,1_4
|E;| = my 2.3%" — 20 32n _ 160 32n _
17.3"+21 | 543 80°
53" +14 53" +12

Hence related polynomials for Tetrathiafulvalene dendrimer
obtained as

M(x,y) = (6.3" — 6)x%y? + (4.3" — 4)x?y3
8
+ (g 3" — 4) x3y4

CoM(x,y) = (2.32" — 17.3™ + 21)x?%y?

20 74

+ (? 32n —?.371 + 14)x2y3
160 80

+ (7.3271 — ? 3" + 12) x3y4
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Table 3. Topological indices

Topological Index Formula Derivation From
M(G; x,y)
1. First K Banhatti Index (dy + duy) [Dy+ D,
(B1(6)) eEG) + 2D, Q-2J1(f 6, ¥))x=y=1
2. Second K Banhatti [D,Q_,J(D
d,.d X 2 X
Index (B(G)) w;(a)( wlo) |y DI (o, ¥))x=1
3. First K Hyper Banhatti Z 2 [D,* + D% + 2D,%Q_,]
Index (HB, (6)) ey +2D;Q_,) (Dy
+ duv)z + Dy)](f(xt y))x=y=1
4. Second K Hyper (. dy)? [D,2Q_2J(D,*
- ur “*uv
Banhatti Index (HB,(G)) w;g) + Dyz)](f(x, )
5. Modified First K 1 [S,Q_2J (Ly
Banhatti Index (mB;(G)) e (dy + duw) + L)1 (F 6, ¥))xmt
6. Modified Second K 1 [ScQ_2J (S
Banhatti Index (mB,(G)) e (dy-duy) +S)1(F G Y))x=1

Here motivated by Banhatti indices given in Table 3 we define
various Banhatti coindices in Table 4. After this section we will

calculate the

related topological

indices and coindices via

derivations from our constructed M and CoM-polynomials.

Table 4. Topological Coindices

Topological Coindex Formula Derivation From
CoM(G; x,y)
1. First K Banhatti Coindex [Dy + D
i (dy + duy) x T Yy
(B:(6)) e |+ 2001 (5 ) ey
2. Second K Banhatti Coindex Z (dy-dyy) [DxQ_2] (D,
B ur“*uv
(B2(6)) WeE(G) + Dy)] (FC6Y))x=1
3. First K Hyper Banhatti z g D% + Dyz +2D,2Q_,)
Coindex (HB;(G)) S +2D,Q_5) (Dy
+ dyy)? + Dy)](f(xr Y))x=y=1
4. Second K Hyper Banhatti Z (dy. dyy)? [D:2Q_,) (Dy?
- ITD ur*uv
COIndEX (HBZ (G)) quE(é) + DyZ)] (f(x, y))le
5. Modified First K Banhatti 1 [SxQ—2/(Lyx
Coindex (mB1(G)) S (dy + duwy) + L)1 (F (6 ¥)) et
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6. Modified Second K Banhatti 1 [SxQ-2J (Sx

Coindex (mB,(G)) oty @ uw) + S)1(F X, Y))xm1

o(f(x,
DufGoy) = x Dyfx,y) = y%

L(fy) =fx%y)  L(f(xy) = f(x,y?)
fty) f(x

t t

o(f (x,¥))
0

x y
sfGen = [HE2ae 5,500 = [Fo2a

Jf G y) = f(x,x) Quf (x,y) = x%f(x,y)
Computation Results

Computation of Topological Indices with the help of M-
polynomials on Tetrathiafulvalene and Organosilicon
Dendrimers

Theorem 1. The topological indices for Tetrathiafulvalene are
given by,

B;(G) = 1476.2™ — 922, B,(G) = 1948.2™ — 1236
HB,(G) = 7900.2™ — 4990, HB,(G) = 15220.2™ — 9740
12592 1536 1012 855
_ n _ — n_ "~
mB,(G) = 210 .2 27 mB,(G) 18 .2 TR
Proof.

The M- polynomial of Tetrathiafulvalene is of the form

M(G;x,y) = (4.2" — 4)xy3 + (8.2" — 4)x?%y
+ (28.2" — 16)x%y? + (92.2™ — 56)x%y3
+ (12.2™ — 9)x3y3.

Then,
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D, = (4.2™" — 4)xy3 + (16.2™ — 8)x%y + (56.2™ — 32)x?y?
+(184.2" — 112)x%y? + (36.2" — 27)x3y3

D, = (12.2" = 12)xy? + (8.2" — 4)x*y + (56.2" — 32)x*y*?
+(276.2" — 168)x%y3 + (36.2" — 27)x3y3

D, + Dy, = (16.2" — 16)xy3 + (24.2" — 12)x%y
+ (112.2" — 64)x2%y? + (460.2™ — 280)x2y3
+ (72.2™ — 54)x3y3

J =(8.2" —4)x3 + (32.2" — 20)x* + (92.2™ — 56)x°
+ (12.2" — 9)x®

2D,Q_,] = (16.2™ — 8)x3 + (128.2™ — 80)x*
+ (552.2™ — 336)x> + (96.2™ — 72)x°

DxQ-2J(Dx + Dy)
= (24.2" — 12)x? + (256.2™ — 160)x?
+(1380.2" — 840)x> + (288.2" — 224)x*

ZDxQ—ZI(Dx + Dy)
= (48.2" — 24)x? + (512.2™ — 320)x?
+ (2760.2™ — 1680)x3 + (576.2™ — 448)x*

2D2Q_,] = (16.2™ — 8)x? + (256.2™ — 160)x?
+ (1656.2™ — 1008)x3 + (384.2™ — 288)x*

D2 = (4.2" —4)xy3 + (32.2" — 16)x%y + (112.2" — 64)x?%y?
+ (368.2" — 224)x2y3 + (108.2™ — 81)x3y3

Dj = (12.2" = 12)xy> + (8.2" — 4)x?y + (112.2" — 64)x?y?
+ (828.2" — 504)x%y3 + (108.2" — 81)x3y3
D% 4+ D] = (16.2" — 16)xy> + (40.2™ — 20)x?y
+ (224.2™ — 128)x%y? + (1196.2™ — 728)x?y3
+ (216.2" — 162)x3y3
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Q_2J(DZ + Dy)
= (40.2™ — 20)x + (240.2™ — 144)x2
+ (1196.2™ — 728)x3 + (216.2™ — 162)x4‘

DZQ_,J(Df + D)
= (40.2" — 20)x + (960.2™ — 576)x?
+ (10764.2™ — 6552)x3 + (3456.2" — 2592)x*

L, = (4.2™" — 4)x%y3 + (8.2" — 4)x*y + (28.2™ — 16)x*y?
+ (92.2" — 56)x*y3 + (12.2" — 9)xby3

Ly = (4.2" — 4)xy® + (8.2" — 4)x*y* + (28.2" — 16)x?y*
+ (92.2™" — 56)x2y° + (12.2™ — 9)x3y®

J(Ly + Ly) = (8.2" — 4)x* + (12.2" — 8)x> + (56.2" — 32)x*®
+(96.2" — 60)x7 + (92.2™ — 56)x8
+ (24.2™ — 18)x°

SxQ-2J(Lx + Ly)
8
= (4.2" — 2)x?* + <4. 2" — 5) x3 + (14.2™ — 8)x*

96 . (92 . 56
+(—.2”—12)x +(—.2”——)x6

5 6 6
+(24 on 18) ;
7 7 )"

Sy = (4.2" — )xy3 + (4.2" — 2)x%y + (14.2" — 8)x2%y?
+ (46.2™ — 28)x2y3 + (4.2 — 3)x3y3

4 4
Sy =(5.27 = 3) 1P + (82" — O’y + (14.27 - )2y
92

56
+ (? 2" — ?) x2y3 + (4.2" — 3)x3y3
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16 16
Se+Sy, = (—.2” — —) xy3 + (12.2" — 6)x2y

3 3
230 140
+ (28.2" — 16)x%y? + ( 3 2n — 3 )x2y3

+ (8.2" — 6)x3y3

100 100
Q_2J(Sx +S,) = (12.2" — 16)x + (T,zn — T) X2
230 140
+ (— 2" — —) x3 +(8.2" — 6)x*
3 3
SxQ—Z](Sx + Sy)
100 100
= (12 zn —_ 16)x + (T 21’1 _ T) xz
+_(230 - 140) 3-+(2 o 3> \
9 - 9 X . 5 X,

Hence it is easy to calculate the given topological indices x = 1 =
y =1,as B;(G) = 1476.2™ — 922, B,(G) = 1948. 2™ — 1236,

HB;(G) = 7900.2™ — 4990, HB,(G) = 15220.2™ — 9740,

12592 1536 1012 855
mB,(6) = =5 2" = gy mBx(6) = T 2 5

Theorem 2. The topological indices for Organosilicon are given
by,

568 604
B1(6) = - .37 - 232, Bo(6) = —5-.3" — 248
1208 6980
HBy(G) = —5—.3" = 496, HB,(G) = ——.3" - 3160
b () 354 gn 487 5. (6) = 192 gn_ 206
MmEt) =135 90 M2\ T g 45

Proof.

The M- polynomial of Organosilicon is of the form
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M(G;x,y) = (6.3" — 6)x%y? + (4.3™ — 4)x?y3
8
+ (—. 3" — 4) x3y*,

3
Then,
D, = (12.3™ —12)x%y? + (8.3" — 8)x2y3 + (8.3" — 12)x3y*
D, = (12.3" — 12)x%y* + (12.3" — 12)x*y3

32
+ (? 3" — 16) x3y*

Dy + Dy, = (24.3™ — 24)x*y?* 4+ (20.3™ — 20)x2y?

56
+ (?' 3" — 28) X3yt

8
J=(6.3"—6)x*+ (4.3" — 4)x° + (5.3" —4>x7

2D,Q_,] = (24.3™ — 24)x? + (36.3™ — 36)x3
200
+ (— 3" — 100) x°
3
D,Q_5J(Dy + Dy)
= (48.3™ — 48)x% + (60.3™ — 60)x3

280
+ (T 3n - 140) XS

ZDxQ—ZJ(Dx + Dy)
= (96.3" — 96)x?% + (120.3™ — 120)x3

560
+ (— 3" — 280) x>
3
2D2Q_,] = (48.3™ — 48)x? + (108.3™ — 108)x3
1000
+ (T 3" — 500) x°
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D2 = (24.3" — 24)x%y? 4+ (16.3™ — 16)x%y3
+ (24.3™ — 36)x3y*

D§ = (24.3" — 24)x%y? 4+ (36.3™ — 36)x%y3

(128

5 3" — 64) x3y*

DZ + Dy = (48.3" — 48)x*y? 4 (52.3™ — 52)x?y?3

200
+ (T 3" — 100) x3y*

Q_,J (D7 + D)
= (48.3" — 48)x? + (52.3™" — 52)x3

200
+ (T 3" — 100) x°

DZQ_2J (D% + Dy)
= (192.3" — 192)x? + (468.3" — 468)x>

5000 )
+ (T.3n — 2500>x
8
L, = (6.3" — 6)x*y? + (4.3" — 4)x*y3 + <§ 3" — 4) x6y*

8
Ly, = (6.3" — 6)x%y* 4+ (4.3" — 1)x?y° + (5 3" — 4) x3y8
J(Ly+Ly) = (12.3" = 12)x° + (4.3" — 4)x7 + (4.3" — 4)x®

8 8
— 3" _4 10 (_. n_4_) 11
+(3 3 )x + 3 3 X
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SxQ—Z](Lx + Ly)

4 4
— n 4 n 5
= (3.3 3)x +(—5.3 ——S)x

+<2 gn 2) 6+(1 gn 1) 8
30 T3)% T\3? 7))

+(8 3n 4) 9
27" 9)*

8 4
S, =(3.3" = 3)x%y? + (2.3" — 2)x2%y3 + (5 3" — §) x3y*

4 4 2
Sy =(3.3" = 3)x%y* + (—. 3" — —) x%y3 + (—. 3" — 1) x3y*

3 3 3
10 10
Sy +S, =(6.3"—6)x?y* + (? 3" — ?) x2y3
14 7
D)y
+<9 3)* Y

Q_2J(Sx +5S,) = (6.3 — 6)x% + (E. 3n — ﬂ) x3

3 3
+(143n 7)5
9> T3)*

SxQ—Z](Sx + Sy)
= (3.3"—=3)x% + (10 3" — E) x3

9" 9
4 (14 3n 7) 5
457 " 5)*
Hence it is easy to calculate the given topological indices x = 1 =
568 604

y =1,as By(G) = 22.3" — 232, B,(G) = 2-.3" — 248,

HBy(G) = =22.3" — 496, HB,(G) = ©2=.3" — 3160,

_ 554 on _ 487 — 199 5n _ 206
mB,(G) = =2.2n — 2 B, (6) = 2. 2n - 2
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Computation of Topological Coindices with the help of CoM-
Polynomials on Tetrathiafulvalene and Organosilicon
Dendrimers

Theorem 3. The topological indices for Tetrathiafulvalene are
given by,

B (G) = 10876.2%™ + 7232.2™ + 2658, B,(G) = 16240.2%™ + 1(
HB,(G) = 67560.2%™ + 42009.2™ + 14807, HB,(G) = 144544.2°" + 9
- 5835 102387 18163 - 1049 5
— 2n n — 2n 4 _
mB; (G) 12 25T+ 220 2™+ 120 mB,(G) 3 L25M 4
Proof.

The CoM- polynomial of Tetrathiafulvalene is of the form

CoM(G;x,y) = (180.22™ + 164.2™ + 36)xy?
+ (48.2%" + 72.2™ + 36)x%y
+ (32.2%2" + 32.2™ + 44)x%y?
+ (240.22™ + 212.2™ + 120)x2%y3
+ (450.22™ + 213.2™ + 37)x3y3.

Then,

D, = (180.22" + 164.2™ + 36)xy>
+ (96.2%™ + 144.2™ + 72)x%y
+ (64.2%™ + 64.2™ + 88)x2y?
+ (480.2%™ + 414.2™ + 240)x?%y3
+ (1350.22™ + 639.2™ + 111)x3y3

D, = (540.22" 4+ 492.2" + 108)xy*
+ (48.22" + 72.2" + 36)x2y
+ (64.22" + 64.2" + 88)x2y?
+ (720.227 + 636.2™ + 360)x2y3
+ (1350.22" + 639.2" + 111)x3y3
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D, + Dy, = (720.2%" + 656.2" + 144)xy?
+ (144.22" + 216.2™ + 108)x2y
+ (128.227 + 128.2™ + 176)x2y?
+ (1200.22" + 1050. 2" + 600)x2y3
+(2700.22" + 1278.2" + 222)x3y3

] =(48.22" +72.2™ + 36)x3 + (212.2%™ + 196.2™ + 80)x*
+ (240.2%™ +212.2™ 4+ 120)x5
+ (450.22™ 4+ 213.2™ 4+ 37)x®

2D, Q_5] = (96.2%2™ + 144.2™ + 72)x
+ (848.22" + 784.2™ + 320)x?
+ (1440.2%" + 1272.2™ + 720)x3
+ (3600.2%™ + 1704.2™ + 296)x*

D,Q_2](Dy + Dy)
= (144.2%2" + 216.2™ + 108)x
+ (1696.22™" + 1568.2" + 640)x?
+ (3600.22" + 3150. 2™ + 1800)x3
+ (10800.22" + 5112.2™ + 888)x*

2D,Q_,J (D, + D,)
= (288.22" 4+ 432.2™ + 216)x
+ (3392.22" + 3136.2™ + 1280)x2
+ (7200.2%" + 6300. 2™ + 3600)x3
+ (21600.22" + 10224.2™ + 1776)x*

2D2Q_,] = (192.22™ + 288.2™ + 144)x
+ (1696.22™ + 1568.2™ + 720)x?
+ (4320.2%™ + 3816.2™ + 2160)x3
+ (14400.22™ + 6816.2™ + 1184)x*
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D? = (180.2%" + 164.2" + 36)xy3
+ (192.22" + 288.2" + 144)x%y
+ (128.22" + 128.2™ + 176)x%y?
+ (960.22™ + 828.2™ + 480)x2y3
+ (2700.22™ + 1278.2™ + 222)x3y3

D} = (1620.2°™ + 1476.2™ + 324)xy?
+ (48.22" 4+ 72.2™ + 36)x2y
+ (128.22" + 128.2" + 176)x%y?
+ (2160.22™ + 3150.2™ + 1800)x2y3
+ (4050.2%™ + 1917.2™ + 333)x3y3

DZ + Dj = (1800.2%™ + 1640.2" + 360)xy>
+ (240.22" + 360.2™ + 180)x%y
+ (256.22™ + 256.2™ + 352)x%y?
+ (3120.2%™ + 3978.2™ + 2280)x2y3
+ (6750.2%™ + 3195.2™ + 555)x3y3

Q-2J(DZ + D)
= (240.2%™ + 360.2™ + 180)x
+ (2056.2%" 4+ 1896.2™ + 712)x?
+ (3120.2°" + 3978.2" + 2280)x3
+ (6750. 22n 4 3195,2™ + 555)x*

DZQ-,J (D + Dy)
= (240.2%™ + 360.2" + 180)x
+ (8224.2°™ 4 7584. 2" + 2848)x?
+(28080.22™ + 35802.2™ + 20520) x>
+ (108000. 22" + 51120. 2™ + 8880)x*
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L, = (180.2%2™ + 164.2™ + 36)x?y3
+ (48.22" + 72.2™ + 36)x*y
+ (32.22™ + 32.2™ + 44)x*y?
+ (240.22™ + 212.2™ + 120)x*y3
+ (450.22" + 213.2™ + 37)x%y3

= (180.22" + 164.2™ + 36)xy°®
+ (48.22™ + 72.2™ + 36)x2y?
+ (32.22™ 4 32.2™ + 44)x2%y*
+ (240.22™ + 212.2™ + 120)x2%y®
+ (450.22™ + 213.2™ + 37)x3y®

J(Ly +Ly) = (48.22™ + 72.2™ + 36)x*
+ (228.22™ + 236.2™ + 72)x°
+ (514.2%2™ + 277.2™ 4+ 125)x°
+ (420.2%2™ + 376.2™ + 156)x”
+ (240.22™ +212.2™ + 120)x8
+ (450.22™ + 213.2™ + 37)x°

SxQ—Z](Lx + Ly)
= (24.2%™ + 36.2™ + 18)x?

236
+ (76. 22n 4 T.Z" + 24) x3

257 277 125
P 2n - 9n o= 4
%—( > 2 2+ 2 )x
376 156
+<84 22n —.2”+?)x5
+ (40 2%n 4 .2” + 20) x®
+(450 3 2n_|_37> ;
7 ' 7 )*
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S, = (180.22™ + 164.2™ + 36)xy?
+ (24.2%" + 36.2™ + 18)x%y
+ (16.22" + 16. 2™ + 22)x2y?
+ (120.22™ + 106.2™ + 60)x2y3

37
+ (150. 22n 4 71.27 + ?)x3y3

164
Sy = (60-22” 2"+ 12) xy?
+ (48.2%2™ + 72.2™ + 36)x%y
+ (16.22" + 16. 2™ + 22)x2y?

ann 2.3
+180.2 +3.2 +40 | x“y

37
+ (150. 22 4 71.27 + ?) 3y?

L, . 656
X = . _— X
Se+S, (2402n+ . 2”+48) y?

+(72.2%" +108.2" + 54)x%y
+ (32.2%7™ 4 32.2™ 4 44)x%y?

+ (200. 220 + 5%. 2" + 100) x*y?3
+ (300. 221 4 142,27 + 73_4) ¥3y?
Q_2J(Sx +S,) = (72.22" + 108.2" + 54)x?
+ (272. 22n 4 % om 4 92) 2
+ (200. 22n 4 5%. 2"+ 100) X3
+ (300. 220 4 142,27 + 73—4) x
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SxQ—Z](Sx + Sy)
= (72.2°" +108.2™ + 54)x
376
+ (136. 2%n 4 T 2" + 46) x?
(200 530 100) 3
— | X

2 on
3 R

71 37
+ (75. 28 4 — 2" + —) xtxt,
2 6
Hence it is easy to calculate the given topological indices x = 1 =
y =1,as B;(G) = 10876.2%"™ + 7232.2™ + 2658, B,(G) =
16240.2%™ + 10046.2™ + 3436, HB,(G) = 67560. 22" +

42009.2™ + 14807 HB,(G) = 144544.2°" +
94866. 2™ + 32428, mB,(G) = 2233 p2n 4 102387 oy 18163
' ’ 1 14 ° 420 140 ’
mB,(G) = 1049 oon | 5899 on 279
2 3 " 18 ° 2"

Theorem 4. The topological coindices for Organosilicon are given
by,

B,(G) = 3524.32"2 4 2582.371 4+ 526, B,(G) = 6644.32n72 .
HB.(G) = 27436.32"2 — 17542.3"1 + 3182, HB,(G) = 107596. 3272

_ 6437 277 _

mB;(G) = 619.32n~% 4 ——_ 3n-3 4 mB,(G) = 187.32"2 -

10 15’
Proof.
The CoM- polynomial of Organosilicon is of the form
CoM(G;x,y) = (2.32" — 17.3™ + 21)x?y?
20 74
+ (—.32" - —=.3"+ 14)x2y3

3 3
160 80
+ (T 32n _ ? 3"+ 12) x3y4‘.

Then,
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D, = (4-. 32n _ 343" 4+ 42)x2y2
40 148
+ (3 32n _ T 3" + 28) x2y3

480
+ (T' 32n _ g0.3" + 36) x3y*

Dy, = (4.3%" — 34.3" + 42)x%y? + (20.32" — 74.3" + 42)x2y?
640 320
+ (T' 3on - -3+ 48) x3y*

D, + Dy = (8. 32" _ 68.3™ + 84)x2y2
100 370
(T 32n _ T 3"+ 70) x2y3
1120 5600
+ (T_?)Zn —T.3n + 84>x3y4

20 74
J=(2.32" - 17.3" + 21)x* + (?. 32n —?.3" + 14) x°
+ (160 32n 80 3" + 12) 7
9 . 3 . X
2D, Q_,] = (8.3%™ — 68.3™ + 84)x?

148
+ (40. 32 — = 3" + 84) x3

1600 800 ;
+ (—.32" —— 3"+ 120>x
9 3
D,Q_2J(Dy + Dy)
= (16.3%2" — 136.3™ + 168) x>
+ (100.32" — 370.3™ + 210)x3
(5600 2800 ) ;
- X

— .3 ——— 3"+ 420
+ 9 3 +
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2D,Q_,J (D, + D,)
= (32.3%" — 272.3™ 4+ 336)x?
+ (200.32™ — 740.3™ + 420)x3
11200 _, 5600
+(—.3 n_ 3”+840>
9 3
2D2Q_,] = (16.3?™ — 68.3™ + 84)x?
+ (120.3%™ — 444, 3™ + 252)x3
8000 4000
+ (— 32n — 3"+ 600)
9 3
D? = (8.32™ — 68.3™ + 84)x%y
+ (80 32n — 2% 3"+ 56)
3 3

1440
+ (T 32" —240.3" + 108) x3y*

Dj = (8.3%" — 68.3" + 84)x?y?
+ (60.3%™ — 222.3"™ + 126)x?y?3
2560 1280
+ (— 32" — 3"+ 192) x3y*
9 3
D2 + D2 = (16.3%" — 136.3" + 168)x?y?
260 962
+ (T 32 — 3 —.3"+ 182) x2y3
4000 2000
+ (T' 3P - =3+ 300) x3y*

Q-2J (D + Dy)
= (16.3%" — 136.3" + 168)x?

260 ) 962

+(T.3 n_ 3 3n+182)
4000 2000

+ (T.32n —T 3"+ 300)
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DZQ-J (D3 + Dy)
= (64.3%" — 544.3" + 672)x?

+ (780.3%™ — 2886.3™ + 546)x3

100000 _, 500000 ;
( 53— .3”+7500>x

L, = (2.32" —17.3™ + 21)x*y?
20 74
(_ 321’1 I 3n + 14) 4y3

3 3
160 80
+ (T 32n ? 3"+ 12) x6y4

= (2.32" - 17.3" + 21)x%y*

20 74
3211__ 3n 14) 2.,6
(3 300 Ty

160 80
+ (T 32n - ? 3” + 12) X3y8

J(Ly +Ly) = (4.3°" — 34, 3" + 42)x®
20
( 3 —— 3" + 14)

+

(— 32n _ 3”+14>x
160
( .32”—— 3"+ 12

2)
0 )11

+

9
16
+ T.Bz - — 3n+12
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SxQ—Z](Lx + Ly)

+<20 Jon 74 3n+14> -
9 9 3 )%
40 20
__1Q2n _ __ 2n 3.,4
+<9.3 3.3 +3>xy
S, +S, = (6.32" — 17.3™ + 21)x?y?

+(50 32n 185 3n_|_35) s 3
9 9 3 )%
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Q-2J(Sx +Sy)
= (6.32" — 17.3™ + 21)x?2

50 185 35
+(— 32n —— 3" 4 )x3

9 9 3
N (280 qon 180 7)
27 9
SxQ_2J(Sx +Sy)
17
= (3 3% ——-.3" +21)x2
4 (50 320 185 3n 35) 3
27 27> T9)*
(56 320 28 3n 4 7) 5
27" 9> T5)”
Hence it is easy to calculate the given topological indices x = 1 =
y=1,as B,(G) = 3524.3%"2 +

2582.3""1 + 526, B,(G) = 6644.3%"2 — 4318.3""1 + 798,
HB,(G) = 27436.32""2 — 17542.3" 1 + 3182, HB,(G) =
107596.32""2 — 60290.3™ 1 + 8718, mB,(G) = 619.32"* —

6137 3n-3 +277 mB,(G) = 187.32n3 — 997 3n-3 +1421

Numerical and Graphical Comparison

In this section we aim to show the relation between related
Banhatti indices and coindices percebtibly, via numerical and
graphical comparison figures in Figure 4 and Figure 5. It is seen that
in each graphic, new defined Banhatti topological coindices
increase/decreases rapidly than existing Banhatti topological
indices. For Tetrathiafulvalene dendrimer, each graphic has
increasing curvilinear model for both related indices and coindices.
But for Organosilicon dendrimer, while only (modified) first K
Banhatti indices and coindices have been incresing at the same time,
the other ones are of decreased coindex lines while indices are of
increased lines. These results are of guiding significance to the
engineering application.
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Figure 4. Numerical and Graphical Comparison of Organosilicon
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Figure 5. Numerical and Graphical Comparison of
Tetrathiafulvalene Dendrimer
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6. Summarization and Conclusion

Topological indices are widely used calculation tools to
predict physicochemical and bioactivity properties of chemical
compunds. They have many applications in medical and material
sciences via QSPR/QSAR analysis to deisgn high performanced,
low cost products. Nowadays researchers have been interested in
studies on optical applications via topological approach. Also,
dendrimers are investigated as an effective conductor because of its
more branched structure. Motivated by these, in this work we handle
six types of Banhatti indices and we define topological coindex
versions via complement graph theory. Afterward, we produce the
M and CoM-polynomials of two specific dentritic compounds from
molecular graphs of each compund via vertex and each partition
technique. By algebraic polynomial approach, we compute all
indices and coindices. At the end we give comparisonal figures
showing that the performance between topological indices and
coindices. We hope these representations and numerical datas may
be helpful for testing the efficiency of optical applications of
dendrimers in the future.
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CHAPTER VI

On the Higher Order Leonardo Quaternions

Kiibra GUL!

Introduction

Number sequences have an important place and their
applications in various scientific fields in the literature (Abrate,
Barbero, Cerruti, & Murru, 2014; Amannah & Nanwin, 2014;
Falcon, & Plaza, 2007; Koshy, 2001; Shannon, Deveci & Erdag,
2019). The most famous of these sequences are the Fibonacci
sequences {F,}n-o and Lucas sequences {L,}n-, defined by, n >
2,

Ey=Fy 4+ F;
and
Ly =Lpq+Ln
,Where F;, = 0,F;, =1and L, = 2, L; = 1, respectively.

1 Assoc. Prof. Dr, Kafkas University, Orcid: 0000-0002-8732-5718
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In (Catarino & Borges, 2019), Leonardo sequence {£,,}r—, iS
defined by
Ly=L, 1+L, ,+1n>2 Ly=L; =1.
Also, Leonardo sequence is given by the equation
L1 =2Ly = Ly_p.
The characteristic equation of the equation (4) is
AB-22%+1=0.
The Binet’s formula of the Leonardo sequence is
L _ 2an+1_2ﬁn+1_a+ﬁ
n O.’—ﬁ
where a and £ are roots of characteristic equation.
There are the relationships between Leonardo numbers,
Fibonacci numbers and Lucas numbers as follows:
L, =2F,;1 —1,
Ly1+ Lpyr =2Lpyq =2,
Ly +2F, = Ly,
L,+FE +L,=2L,+1,
Lovg +LE =2(Lonsz — Lypgz + 1.

Several identities for Leonardo numbers were obtained by
authors. Furthermore, they provided Leonardo numbers with a
matrix representation. Some recent resarch on Leonardo numbers
can be seen in (Alp & Koger, 2021; Catarino & Borges, 2019).

In recent years, several authors investigated on higher order
sequences associated with the well known number sequences. The
study of higher order sequences began with the earlier work of
Randi’c et al. (Randi¢, Morales & Araujo, 1996) where the authors
investigated higher order Fibonacci numbers and its various
algebraic properties. Cook et al. (Cook & Bacon, 2013) defined
Jacobsthal higher order numbers. In (Prasad, Kumari, Mohanta, &
Mahato, 2023), the authors introduced Mersenne higher order
numbers and gave various algebraic properties. In the literature,
there are several studies on higher order sequences associated with
the diferent sequences and their generalizations. Giil (Giil, 2023)
introduced higher order Leonardo numbers. Kizilates and Kone
(Kizilates & Kone, 2021a) expanded the quaternion algebraic

--136--

(1)



research to higher order Fibonacci numbers. Then, the authors
invastigated hyper complex numbers and quaternions with the higher
order sequences ( Gil, 2022; Kizilates & Kone, 2021b;
Ozimamoglu, 2023; Ozkan & Uysal, 2023).

Quaternions were investigated by Hamilton (Hamilton, 1866) as
an extension to the complex numbers. A quaternion is defined by
q=ay+a.i+ ayj+ ask (2)

where a,, a;, a,, as are real numbers and 1, j, k are quaternionic
units which satisfy the following rules:

i2=§2=k?=1fjk=—-1landij=k=—ji,jk=1=

—kj ki =j = —-ik. (3)

Several authors studied on different quaternions and their
generalizations, some of which can be found in (Asci & Aydinyuz,
2021; Giil, 2019; Giil, 2020; Halici, 2012 Horadam, 1963). Pauli
Leonardo quaternion was defined by Leonardo numbers coefficients
(Isbilir & Tosun, 2023). Nurkan et al. (Nurkan & Giiven, 2023)
introduced ordered Leonardo quadruple numbers by dual
quaternions and Leonardo numbers. Then, Yilmaz et al. (Yilmaz &
Sag¢li, 2023) studied the dual quaternions with the k-generalized
Leonardo sequence.

In this study, we introduce a new type of quaternions, called the
higher order Leonardo quaternions. We consider the coefficients of
these quaternions as the higher order Leonardo numbers. We give
Binet formula, generating function, several identities for this
sequence.

Main Results

For positive integer k, the higher order Leonardo numbers
{L,(lk)} are defined by

£ = LLL: . n=012... (4)
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In (Giil, 2023), the Binet’s formula of the higher order Leonardo

numbers L,(Q") can be written as

(k) _ 2akn+1_2[gkn+1_a+3
[’n - 2ak+1—23k+1—a+ﬁ ' (5)

In (Mangueira, Alves & Catarino, 2022), Leonardo quaternion,
denoted by £Q,,, are defined by

LQn = Ly + Lyal + L yo] + L3k
The Binet’s formula of the Leonardo quaternions

20" a2 B+w(-a+p)

L£Q, = -y (6)

where @ = 1 + a*i + a?%j + a3kk, § = 1 + B*i + B24j + B3*k
andw=1+1i+j+k

Definition 1. The higher order Leonardo quaternions {LQ,E")}, ne
R, is defined as

£ =£{9 + £ 1+ £%,5 + £k (7)

n+2 n+3

where 1, j, k are quaternionic units and L,(lk) is nth the higher order
Leonardo numbers.

Ifitistaken as k = 1, the higher-order Leonardo quaternions LQ,(ll)
is called as the Leonardo quaternions.

The real and imaginary parts of the higher-order Leonardo
quaternions are as follows:

Re(20f”) = £,
Im(£QS”) = £y + L300 + £80k
, respectively.
The conjugate of the higher-order Leonardo quaternion, denoted by

£o{, isgivenby £0%) = £{? — £ 1 -5 - £k

n+3
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The norm of the higher-order Leonardo quaternion, denoted by
N(LQ,(lk)), IS given by
N(LQ(k)) _ LQ(k)LQ(k)
— (Lr(l,k))z + (L(k)l)z + (L(R)Z)Z + (L(k)3)2

Proposition 2. The higher-order Leonardo quaternions satisfy the
following identity:

Proof. From the definition of LQ(") we have

(LQ(")) = (89 + £80 1+ £80,5 + £k (87 + £33+
9,5+ £, k)

n+3

(L(k))Z (k) )2 (L(k) )2 _ (L(k) )2 +

n+1 n+2 n+3
2L00 (L3014 £395 + L,(l’%k)

— (L(k))z (L(k)l)z ( 7(::_)2)2 _ (L(k)3)2
2L (L8014 £33 + £ k)

n+3

(L(R))z (L(k) )2 _ (L(k) )2 _ (L(k) )2 +

n+1 n+2 n+3
2L (L(k) + L0+ L35 + L3 k)

n+3

LQ(k)LQ(k) + ZL(k)LQ(k).
Theorem 3. The Binet’s formula of the higher order Leonardo
quaternions L(k) is given by

kn+1&_2Bkn+13+w(_a+ﬁ) (8)
2ak+1—2ﬁ’k+1—a+[3

£QU =

where @ = 1+ a*i + a?%j + a3k, § = 1+ B*i + f24j + B3Kk
andw=1+1i+j+k

Proof. Using the equations (6) and (7), we obtain
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£ =8+ £ 1+ £85 + £k

n+2 n+3

_ Z(an+1—2ﬁkn+1—a+ﬁ 2akn+k+1—2ﬁkn+1—a+ﬁ

= i+
2(1k+1—2,8k+1—05+ﬁ 2ak+1—2Bk+1—a+B
2akn+2k+1_23kn+2k+1_a+ﬂ . 2akn+3k+1_2ﬁkn+3k+1_a+ﬁ
2ak+1—23k+1—a+ﬁ 2ak+1—23k+1—a+ﬁ

= 2ak+1—2ﬁ1k+1—a+ 5 Qa1+ akl+ ok +

a’*k) — 2K (1 + BFi 4+ B2+ p3FK) —a + BA+E 4+ +
k)

_ 2a kn+1’\ ﬁkn+1,B+W( a+pB)
20k+1_ 2ﬁk+1_a+ﬁ

Theorem 4. For the higher order Leonardo quaternions, the
following relation holds:

£, = (Ll — (—1)FLQW, + £ L [~ 4Kk +

n+1
21 K] + £0 4 w(l — LE13 — (~1)4))).
where K, is the nth Lucas quaternion.
Proof. From the Binet formulas (1) and (8), we obtain as follows:

2a k+1—2ﬁk+1—a+ﬁ 2akn+1/~ ZBkn+1B+W(_a+ﬁ) _
— 20k+t1_2pk+1_
k6;afn—lﬁ'1a—ZBkn_i+1B+\/f(—a+g)+B
(aﬁ) 20.’k+1—2ﬁk+1—0_'+ﬁ

_ 1 ~ kn+k+2 _ g kn+lpk+1 _
- (2ak+1—2ﬁ’k+1—a+ﬁ)(a—ﬁ) (a(4a 4a [))

2akn+2 + Zﬁak”“ _ Zﬂkakn+2 + 2ﬁk+1akn+1) +

,8(4,Bkn+k+2 _ 4ak+1ﬁkn+1 _ 2ﬁkn+2 + 26(ﬁkn+1 +

2ﬁkn+1ak+1 _ 23kn+2ak) + W(—a + 'B)(Za,k+1 _ 23k+1 —a+

B — a1k 4 akﬁk+1))

_ 1 _ ~ kn+k+1
- (2ak+1—2Bk+1—a+B)(a—ﬁ) <2(a B)(Zaa

2ﬁﬂkn+k+1) + 4Baﬁkn+k+1 + 4&ﬁakn+k+1 _
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Za(aﬁ)k+1akn—k + 2&(0{,8)"“a"”‘k+2 _ Zaakn+1(a — ,B) _
ZE(aﬁ)k"-l,Bkn_k + zﬁ(aﬁ)k+1ﬁkn—k+2 _ zﬁﬁkn+1(_a 1+ B) +
w(=a +p)(2a" = 2654 — a + = (@p) (@ — P)))

— 1 _ ~ kntk+1 _
 (2ak+1-2pk+1-a+B)(a-p) <2(a A (Zaa

2BBRHH 4y (—q + '3)) — 4(BBRNTE + galnrky —
Z(Qﬂ)k+1(&dkn_k + Bﬁkn—k) 4+ 2(&ﬁ)k+1(&dkn_k+2 +
Bﬁkn—k+2) _ 2(& _ B)(&ak”“ _ Bﬁkn+1) + W(—a +
B (20441 = 2641 — 30 + 36 — (@) (a - )

2&“kn+k+1—zﬁﬁkn+k+1+W(—a+ﬂ)
(2ak+1—2ﬁk+1—a+ﬁ)

1 _a(BpFkraatnk)
(2ak+1—2pK+1_q4p) ] B
2(ap)*+ (@akn~—k4ppgkn-k) T 2(ap)H aakn-k+2, g gkn-k+2

(a—p) a-pB
1

a2k a1 §)(a—F) [(a —p) (Z&akn+1 — 2BBkn*1
w(—a + ,8)) +w(—a + B)(2ak*t — 28K+ — 4q + 48 —

(@B)*(a - B))]
= 2LQ50) — < L [~ 4Kinare — 2(= 1 (Kiente — Kien—ie2)] —

n+1
k _
Lo —w(1 - £ 3 = (=1)F)).
So, we have
1 1 ._
£Q1)) = 2 (L LQy? — (—DFLQY, + 2 L [~ 4Kienar +

2(=1)¥* Kn-res1] + L0 + w(1 = L2 (3 = (=1)1))).
Theorem 5. The generating function of the higher-order Leonardo
quaternions is given by

G(x, k)

_ Lt (£Qo + (—£Qo — £Qi—z + WLy — 2))x) + (—LQk—2 —w((=D* + 1))x?))
- 1— 1+ Lx — Ly + (=DF)x2 — (=1)kx3 '
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Proof. Suppose that the generating function for the the higher-order
Leonardo quaternions is

Glx, k) = 220 LQIx™ = L0 + £oMx + £ox? +
---+LQ,(lk)x F e

By using Binet’s formula of L,(lk) (5), we can rewrite the generating
function as follows:

G(x, k) =22 LQIxm =¥y (L8 + £+ £99,5 +

(k)
Lo eskOx™
_ 2 zakn+1_2ﬁkn+1_a+ﬁ zakn+k+1_2ﬁkn+k+1_a+ﬁ . +
T An=0 \ pgkti_ppk+1_gyp 2ak+1-_2B8k+1_g4p 1
20kn+2k+l_opkn+2k+l_gip - pgkn+3k+1_ppgknt3k+i_gyp )
Zak+1_2Bk+1_a+B Zak+1_2Bk+1_a+B

= gkt 2ﬁk+1 —a+B (2Xa=0 k(1 + o+ “2kjj +
3K x™ — 235 BEMHI( + KT + B2Kj + B3RI)x™ + (—a +
BYE, (1 +1+7+k)x™)

= 2ak+1—2;k+1—a+ﬁ (20{6{ ZZ):O (akx)n -
2BB Y=o (BEX)™ + (—a + B)w T2 x™)
1 <2aa_zﬁf3 +(—a+ﬁ)wﬁ)

T 2aktio2pkti_gip \1—akx  1-Bkx

1 (2a@(1-B*x)(1-x)-28B(1—akx)(1-x)+(—a+Bw(1-akx)(1-B*x))
2ak+t1_2pkt1_g4p 1-(1+ak+BR)x—(ak+Bk+(aB))x2—(af)kx3
1 20@-2BB+(—a+p)w+(-2a@-2a8aB*+2Bp+2Bfak+w(—a+p)(—ak-pFK))x
20k+1_2Rk+1_qg4pB 1-(1+ak+pF)x—(ak+pk+(ap)k)x2-(ap)*x3
1 (2aapk-2Bpak+(—a+pIwakpk)x?

T 2ak+1-2Bk+1 g4 B 1—(1+ak+K)x—(ak+B5+(aB)k)x2—(ap)kx3

L (£Qo+(=LQo+(~ DM 1LQ gy 1 +W(Li+ (D1 —1))x+ (- LQ_g 41 +W (- DF-(-1)¥))x?))
1—(1+Lg)x—(Lg+(—1)K)x2 - (—1)kx3
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L (LQo+(—LQo+(—DFF1LQ_pyq +W(Lip+(-DFF1-1))x+(-1)kLQ_ k+1x2)
1—-(1+Lg)x—(Lp+(-DK)x2—(-1)kx3

Theorem 6. The sum of the higher-order Leonardo quaternions is
given by

) _ wLi (Lg—(=1)* - 1)
Z o = T et DB

Proof. If we take for x = 1 in Theorem 5, the proof is completed.

Lemma 7. Let @ =1+a*i+a*j+a®*k, p=1+pi+
B*j + B3*kandw = 1+ 1 + j + k. Then, there are the following
equations

—lv 9)
+ Iy (10)
where u = —2(—1)k + Lkﬁ + L2kﬁ + L3kk, v=1- (—1)kijj +
(-D¥kand I = ok — g,
Proof. By using the equations (2) and (3), we obtain as follows:
ap = (1 + a*i+ a®j + ¥ K (1 + B*i + p2j + B**Kk)

= 14 1 + 2§ + B3k + a*i — (ap)* + a*p i +
OCk,B3kﬁk+ aZkﬁ + QZkﬁkﬁﬁ _ aZkBZk + az",83k]‘j]k + 0(3k]]{+
0(3kﬁk]kﬁ + askBZkkﬁ _ a3"ﬁ3"

=1- (_1)]( _ (_1)2/( _ (_1)3]( + (Bk + ak + aZkﬁ3k _
0(3k,32k)ﬁ + (a2k + ,BZR _ akﬁ3k + a3k,6’k)jj + (a,3k + ,33k +
0(",82" _ aZkBk)k

= —(-D)F = (- + (B* + a* — aPp(a* — pOY)i+
(a2k + ,32k + akﬁk(a2k_’82k))ﬁ + (a3k + ﬁ3k _ akﬁk(ak _
BNk
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= =2(=D* + (a* + pO1 + (a®* + )] + (a3* + B3k
_ (CZZkﬂZk(ak _ .Bk)ﬁ _ akﬁk(aZk_'BZk)j
+ kB (ak - B4k
= =2(=DF + Lf + Ly + Lagk — (@ — p¥) (i —
(=DFLij + (-1D*K))
=u—1v
(1 + 1+ 5 + ¥ (1 + a*i + a®j + a®k)
=1+ a*i + a®*j + a®*k + p*i — (af)* + a®*B¥ij +
a3k'8kﬁk+ Bijk + akﬁZRﬂﬁ _ aZk'ﬁZk + 0{3k,82k]'jk+ ﬁgk]k +
akﬁ?”‘kﬁ + aZkﬁ3kk]=]' _ a3kﬂ3k
=1- (D= (D% = (=1)% + (a* + p*
+ (=D (a* - p*Ni+ (a* + p2*
_ (_1)k(a,2k _ ﬁZk)ﬁ + (a3k + ﬁ3k + akﬁk(ak
- BNk
= —2(=1)"* + (a* + BT+ (a®* + p*F)j + (a3* +
¥k + ((~1D)(a* = B1)i — (~1)*(a—p2)] + (1 (a* -
B)k)
= —2(—1)* + Lif + Lyyj + Lak + (@ — pF) (1 —
(=DFLij + (-1D*K))
=u+ .

Theorem 8. For any n,m, r € Z, Vajda identity for the higher order
Leonardo quaternions is given by

LQ‘r(lli)mLQr(zl-ck)r - LQr(lk)LQg-cl-)m+r =
L2 (4(= D) By uFyer + vFierLier) = W(LQnir —
LQun+im+ir) T (LQunsrm — LQn)W).
Proof. Left side of the equation is rewritten with the help of the Binet
formula of LQ,(lk) as follows:

pa
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L0y 0m L0y, =

n+r
zaak’”km“—zﬁﬁ""+"m+1+w(—a+ﬁ) Zaakn+kr+1_zﬁﬁkn+kr+1+w(_a+ﬁ)
2ak+1—2[>’k+1—a+ﬁ ) 2ak+1—2[>’k+1—a+ﬁ
1 PN
— - (4aaa2kn+km+kr+2 +

- (Zak+1_zﬁk+1_a+ﬁ)
43[’;"82kn+km+kr+2 _ 4@Bakn+km+1ﬁkn+kr+1 _
4'@&ﬁkn+km+1akn+kr+1 + Z&Wakn+km+1(_a + ﬁ) _
2[?W,3kn+km+1(—a + ,8) + W(—Ol + B)(Z&akn+kr+1 _
zﬁﬁkn+kr+1) +W2(—a+ﬁ)2). (11)

(k) (&)

LQn LQQ+m+r - _

Zﬁak"“—ZBBkn“ +w(—a+p) Zaakn+km+kr+1_zﬁﬁkn+km+kr+1 +w(—a+p)
2ak+1—2,8k+1—a+ﬁ b 2(1k+1—2ﬁk+1—(l+ﬁ

1 ~ A
— . (4aaa2kn+km+kr+2 +
(2ak+1—zﬁk+1—a+ﬁ)

4'8ﬁ182kn+km+kr+2 _ 4&ﬂakn+1ﬁkn+km+k7’+1 _

4B&ﬁkn+1akn+km+kr+1 + ZC’fwak"“(—a + ,3) _
2,5’W,[>’kn+1(—a 4+ ,3) 1+ W(—a + ﬁ)(Z&ak"+km+kT+1 _
zﬁﬁkn+km+kr+1) + WZ(—Ol +ﬁ)2)- (12)

Substracting the equation (11) from the equation (12), we obtain

1
LO L0, — LOOLLY

n+r n n+m+r — (2ak+1—zﬁk+1—a+ﬁ)2 -
4(aﬁ)kn+1 (&B‘Bkr(akm _ ﬁkm) _ Bé:,akr(akm _ Bkm)) +
ZW(—a + B) ( a\akn+kr+1 _ ﬁ'gkn+kr+1) _ (&akn+km+kr+1 _
ﬁﬁkn+km+kr+1)) + 2(_a + ,3)[ &akn+km+1 _ Zﬁﬁk"+km+1)w _
(Zé:,akn+1 _ Zﬁ‘ﬁkn+1)w]

- e (KD = e ad -

ﬁ"&akr) + 2(—6( + ﬁ)[W( &akn+kr+1 _ Bﬁkn+kr+1) _
(&akn+km+kr+1 _ ﬁ"'gkn+km+kr+1)) + (&akn+km+1 _

zléﬂkn+km+1)w _ (z&akn+1 _ ZB'Bkn+1)W] )
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(a=B)? kn+1 (“ m—pgkm) kr _
- (2ak+1 —2p*+1_q+B)? ( =1 (a—p)? (up

Bk —ua®” — lwak") + 2(—a + B) B)Z [w ( @akntkr+l
ﬁ"ﬁkn+kr+1 —a+ ﬁ) (aakn+km+kr+1 _ ﬁﬁkn+km+kr+1 —a+

.B)) + (&akn+km+1 _ Z'B“ﬁkn+km+1 —a+ ,B)W _ (Z&an+1 _
26BF 1 — a + B)w] )

— (a=B)? kn+1 (@—B*™) kr _
(2ak+1 Zﬁk+1 a+B) ( 4( 1) (a— ﬁ)Z ( u(a

ﬁkr) lv(a,kr + ﬁkr)) +2(—a + ﬁ) 3)2 [W( aa
ﬁlgkn+kr+1 +W( a +ﬂ)) ( kn+km+kr+1 _B'Bkn+km+kr+1 +
W(—O{ 4+ ,B))) + (&a,kn+km+1 _ Zﬁ”ﬁkn+km+1 + W(—Of + ﬁ))W _
(22 ™+t = 2pBK™1 + w(—a + B))w] ).

kn+kr+1 __

By using the equations (1), (6), (9) and (10), we have
LQ10n L0y, — LORV LY

n+r n+m+r —

L2 (4(=D*"* 1 Fp (uFyr + VFirLir) — W(LQgpsier —
LQun+im+ir) ¥ LQkn+km — LOkn)W).

Theorem 9. For any r < n € Z, Catalan's identity for the higher
order Leonardo quaternions is

n+r
VEFirLiy) = W(LQkn1kr — LQkn) + (LQkn—kr — LQn)W).

Proof. The proof of Catalan's identity is done for the special case
m = —r of Vajda identity.

£0%,0%), — (¢ Q(k)) = Li2 (4= F_ g (uFr +

Theorem 10. Cassini’s identity for the higher order Leonardo
quaternions is

£0%,£0%), - (£0®)’ = Le2(4(~)!™1F_y (uFy + vFLy) -

W(LQkn+k — LQkn) + (LQkn—r — LQkn)W).
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Proof. When it is taken as r = 1 and m = —1 in Vajda identity, we
have

2
£, 2%, = (L) = L (A(=1)F" F_ o (uFy + vFiLy) —

W(LQkn+k — LQkn) + (LQn-r — LQn)W).

Theorem 11. D’Ocagne’s identity for the higher-order Leonardo
quaternions is

£QLQY) — L0790 LQE, = L2 (A=) " Fy ey (uFy +

n+1 n

VF L) = w(LQkm+1) — LQk(er1)) + (LQy2 — LQin)W).

Proof. Ifwetakeasm + n = kandr = 1 inVajda identity, we
obtain as follows:

Lo, — oL, = L2 (A= 1By g_py (uFy +
VF L) = w(LQkm+1) — LQk(irn)) + (LQy2 — LQin)W).

Conclusion

In this paper, we have defined the higher order Leonardo
quaternions with the higher order Leonardo number components.
We have introduced basic definitions and properties of these
quaternions. Then, we have obtained fundamental properties such as
Binet formula and generating function. Moreover, we have proved
several identities such as Vajda identity, Catalan’s identity, Cassini’s
identity and d’Ocagne identity for the higher order Leonardo
quaternions by using Binet formula.
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CHAPTER VII

Uniqueness of Coupled Common Fixed Point under a
Symmetric Contraction in Ordered GV-FMS

Manish JAIN!

1. Introduction

In 1965, Zadeh [1] innovated the notion of fuzzy sets that lead
the beginning of a new era providing quick headways into different
branches of mathematics and its areas of applications. Particularly,
metric space has been fuzzified in several inequivalent ways
resulting into different definitions of fuzzy metric space [2 - 6].

The fuzzy version of the most celebrated “Banach contraction
principle” in fuzzy metric spaces in the sense of Kramosi and
Michalek (in short, KM) was presented by Grabiec [7]. The results
proved by Fang [8] improved, generalized and unified the works of
Edelstein [9], Istratescu [10], Sehgal and Bharucha-Reid [11].

! Dr, Assistant Professor, Ahir College, Rewati, Department of Mathematics
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George and Veeramani [6, 12] modified the concept of fuzzy
metric space due to Kramosil and Michalek [5] and thereby obtained
Hausdorff topology in fuzzy metric space. After wards, various
authors established several fixed point results in complete fuzzy
metric spaces in the sense of George and Veeramani (GV) [6, 12],
one can see ([13] — [14]). In the present work, we consider the
definition of the fuzzy metric space introduced by George and
Veeramani [6].

The work of Bhaskar and Lakshmikantham [15] is worth
mentioning, as they introduced the new notion of fixed points for the
mappings having domain the product space X x X, which they
called coupled fixed points, and thereby proved some coupled fixed
point theorems for mappings satisfying the mixed monotone
property in partially ordered metric spaces. As an application, they
discussed the existence and uniqueness of a solution for a periodic
boundary value problem. Lakshmikantham and Ciri¢ [16] extended
the notion of the mixed monotone property to the mixed g-monotone
property and generalized the results of Bhaskar and
Lakshmikantham [15] by establishing the existence of coupled
coincidence points, using a pair of commutative maps. This proved
to be a foundation stone in the development of fixed point theory
with applications to partially ordered sets. Since then much work has
been done in this direction by different authors. For more details the
reader may consult ([17-28]). Recently, the problems concerning the
computation of coupled fixed points in metric space has been
fuzzified, see [29-34].

In this paper, we establish coupled coincidence point and
coupled fixed point results for a pair of mappings under the
assumption of a new inequality in the setting of fuzzy metric space
having HadzZic type t-norm. As an application, a corresponding
result in the metric space is also obtained. As a matter of fact, in our
results we do not require the pair of the mappings to be commuting
or compatible nor we have assumed the self mapping g: X — X to be
monotonic, further, the completeness of the space X has also been
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replaced by the completeness of the range subspaces of any one of
the mappings F or g, hence our results generalize a number of
existing results present in the literature in general. Also, various
existing results on coupled coincidence points and coupled fixed
points are extended, for details one can refer to [23, 38, 39].

2. Preliminaries

Definition 2.1 [6]. “The 3-tuple (X, M, *) is called a GV-FMS,; if X
is an arbitrary set, = is a continuous t-norm and M is a fuzzy set on
X2 x (0,00) satisfying the following conditions:

(FM-1) M(x, y. 0) >0,
FM-2)ME, v, ) =1 iffx =y,

(FM-3) M, y, 1) = M(y, %, 1),

FM-YME, v, 1) * My, z,5) <M(x,2, £ +5),

(FM-5) M(x, y, .): (0, ©) = [0, 1] is continuous for all x, y,z € X
ands, t>0".

Remark 2.2. (i) In present work, we consider (X, M, *) be a GV-
FMS with a Hadzi¢ type t-norm, M(x, y,t) > 1ast — oo forall x, y
€ X and < be a partial order defined on X, then, we write it as (X,

M, *, <) and in short, we call it as PO-GV-FMS.

(i) Unless otherwise stated we consider the mappings £: X x X = X,

g- X2 X

Definition 2.3[6]. Let (X, M, *) be a GV-FMS, then

(i) “asequence {x }in X is said to be Convergent to a point x € X,
if nli—l;noo M(x,,x,1) =1, forall {> 07

(i) “asequence {x} in X is called a Cauchy sequence if for each 0
<e<1landt >0, there exists a positive integer ny such that
M(x,,, %, t) > 1 — € foreach n, m = n,”;

(iii) “a fuzzy metric space in which every Cauchy sequence is
convergent is said to be complete”.
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Definition 2.4 ([16]). “Let (X, <) be a partially ordered set
(POS) and P, g be the mappings. We say P has the mixed g-
monotone property (shortly, MgMP) if P(x, y) is monotone g-non-
decreasing in its first argument and is monotone g-non-increasing in
its second argument”.

Taking g to be identity mapping in above definition, we can
obtain the definition of mixed monotone property (shortly, MMP).

Definition 2.5 ([16]). “An element (x, y) € X X X, is called a
coupled coincidence point (CCP) of the mappings # and g if P(x, y)
=gxand £(y, x) = gy”.

Taking g to be the identity mapping in the above mapping, we
can obtain the definition of coupled fixed point (CFP).

Definition 2.6 ([16]). “An element (x, y) € X X X, is called a
coupled common fixed point (CCFP) of the mappings  and g if x =
gx = P(x, y) and y = gy = P(y, x)”.

Lemma 2.7 [31]. “Let (X, M, *) be a fuzzy metric space with
a HadZi¢ type t-norm = such that M(x, y,t) = 1ast - oo forall x, y
€ X. If the sequences {x,} and {y,,} in X are such that, forall n>1,

t> 0, M()Sna Xn+1, E) * M(.Yn' Yn+1s ‘,[) = M()Sn—ll Xn t/k) * M(Yn—l:
Vn, t/k) where 0 < k < 1, then the sequences {x,} and {y,} are
Cauchy sequences”.

Definition 2.8. Let (X, d) be a metric space endowed with a
partial ordering (). We say that X is regular if it satisfies the
following property:

0] “if a non-decreasing sequence {75“} - x, thenx <x
foralln > 07; (1.1)

(i)  “if a non-decreasing sequence {y,,} =y, theny <y,
foralln > 0. (1.2)
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Remark 2.9. Note that if (X, M, *) be a GV-FMS endowed with a
partial ordering (<). We say that X is regular if it satisfies properties
(1.1) and (1.2) with respect to the convergence in a GV-FMS.

3. Main Results
This section focuses on main coupled coincidence point

results in fuzzy metric spaces.

Theorem 3.1. Let (X, M, *, <) be a PO-GV-FMS. Let (P, g) be pair
of mappings such that # has MgMP and satisfies the following
conditions:

(X-1) PXxX) € 9(X);
(X - 2) one of the range subspaces P(X x X) or g(X) is complete;
(X - 3) there exists k in (0, 1) such that

MP(x, y), P, v), kt) * M(P(y, %), (v, ), kt)

= M(9(X), g(1), 1) * M(g(y), 9(¢), 1),
for all x, y, u, ¥ in X and t > 0 with g(x) < g(n) and g(y) >

g(v) (or, g(x) > g(n) and g(y) < g(v));
(X-4) there exist two elements x,y, in X such that the
following satisfies:
9(xy) S P(xp5,) and g(y,) = P (yyx,) (01, g(x,) =
P(X,,¥,) and g(y,) < P(yy %0))
Further, suppose either
@ both the mappings P and g are continuous, or
(b) X is regular;
then, the (P, g) hasa CCP in X.
Proof. Without loss of generality, by (X - 4) suppose that x,y, in

X be such that g(x,) < P(x,,y,) and g(y,) = P(y, x,)- Since P(X
X X) € g(X) and P has MgMP so inductively, the sequences {x_}
and {y, } can be constructed in X such that
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9, = PR, y,) andg(y,,, ) =P(,,.%,) foralln = 0. (3.1)
Further, by using (3.1) and since £ has MgMP, inductively, it can be
shown that

9(x,) <g(x,,,)andg(y,) * g(y,,,) foralln=>0. (3.2)
We suppose either g(x..,) = P(x,.y,) # 9(x,) or g(v,,,) =
P(y,.x,) #g(y,) for all n >0, otherwise, the we can obtain
directly the CCP of the pair (P, g).

Using (3.1) and (3.2), from (X - 3), fort >0, n > 0, we have
M@@(x,), 9%, 1) kD) * M(9(v,,), 9(¥,,,1)s kD)

= M(‘P()Sn—l'yn—l)’ P()Sn’ yn)’ kt) * M(‘P(yn—1')5n—1)’ P(yn’)sn)’ kt)

= M(9(%,_1), 9,0, 1) *M@(v,,_)» 9(v,): 1)

= Mx,_1): 9(x,) 1) * M@y, _1), 9(y,,). 1. 3.3)
Using (3.3), by applying Lemma 7, the sequences {g(x, )} and
{g(y,,)} behaves like Cauchy sequences. Without loss of generality,
suppose g(X) is complete, so there exist x, y in X such that for all t
> 0, we have that

lim M(g(x). g(x,,). ) = lim M(g(x), P(x,,,¥,). ) = 1,

lim M(g(y), 9(v,,). ) = lim M(g(). P(y,,%,). ) = 1. (3.4)
Suppose, condition (a) holds.

Define a multifunction G: g(X) - 2X by G(y) = {x € X: g(x) = y}.
Making use of Axiom of Choice, a function h: g(X) — X, so that h(y)
belongs to G(y) for all y in g(X) can be constructed, yielding g(h(y))
=y for all y in g(X). Consider 'E = {h(y): y € g(X)} € X. Clearly,
the map g: E — X is injective with g(E) = G(X).

Define another map Hs: g(‘'E) X g('E) = X by

Hu(g(e), g(f)) = P(e, f) for g(e), g(f) in g(E) (=g(X)). 3.5)
Since g: 'E — X is injective, the map Hs is well-defined. By (3.4) and
(3.5),
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lim F(g(x,), 9(y,)) = lim P(x,, y,)) = lim g(x,)) = 9(x),

lim Fo(g(y,). 9(s,)) = lim P(y,,,%,) = lim 9(v,) =g(s). ~ (36)
Using the continuity of P and g, the continuity of the map Hr can be
achieved, so by (3.6) we have

Hi(g(x), 9(y)) =g(x) and  Hi(g(y), 9(x)) = 9(). 3.7)
On combining (3.5) with (3.7), we see that P(x,y) = g(x) and
P(y,%x) = g().

Next, we show the result for the condition (b).
By (3.2) and (3.4), we have

g(x,) <g(x) and  g(y) <g(y,) forn=0. (3.8)
Suppose that (g(x,). g(v,)) # (@), g(y)) for n > 0 otherwise
(x,,y,) is a CCP of the pair (P, g). Now, fort >0, n = 0, we obtain
M®(x, ¥), 9(x), 1) = M(P(x, y), P(x,,¥.), k) * M(P(x,,y,), g(x), t
- kt), (3.9)
M(®P(y, x), g(¥), ) = M(P(y, %), P(y,, %), kt) * M(P(y_, x,), g(¥), t
— kt). (3.10)
From (3.9) and (3.10), for all t > 0, we obtain that
M(P(x, y), 9(x), 1) * M(P(y, %), g(y). ©)
= [M®P(x, y), P(x,, y,), kt) * M(P(x,,y,) 9(%), t — kt)]
* [M(P(y, x), P(y,, x,), kt) * M(P(y_, x.), 9(y), t — kt)]
= [M(®P(x, y), P(x,,¥,), kt) * M(P(y, x), P(y,, x,), kD)]
* [MP(x,,y,) 9x), t — k) * M(P(y,, x,), aiv), t —kp].  (3.11)
Since g(x,) < g(x) and g(y) < g(y,) foralln > 0, using (X - 3),
we obtain that
M®P(, y), P, y,), kt) * M(P(y, x), P(y,, x,), k)]
= M(9(%), 9(x,), © * MF(g(y), 9(v,)), D (3.12)
By (3.11) and (3.12), we obtain that

M(@P(x, y), 9(x), 1) * M(P(y, %), g(y). 1)
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= (M(9(x), g(x,), ) * MF(g(¥), g(v,): 1))
* [M(P(x,,y,) 9(x), t — k) * M(P(y,, x,), 9v), t = k]. (3.13)
Letting limitas n — oo in (3.13), for t > 0, we obtain that
MP(, y), 9(x), 1) * M(P(y, %), g(y). 1)
= lim [M(g(x), 9(x,), ) * MF(a(y), 9(v,), V)]
* im [M(P(x,,y,), 9(%), t = k) * M(P(y,,, x,), 9(¥), £ — K.
By (3.4),

MP(, y), 9(x), 1) * M(P(y, x), g(y). 1)

>(1* 1)*(1*1)=1.

That is, M(P(x, y), 9(x), 1) * M(P(y, %), 9(y), 1) = 1.
Therefore, M(P(x, y), 9(x), 1) = 1 and M(P(y, x), g(y), ) = 1, which

implies g(x) = P(x, y) and g(y) = P(y, x).
Hence, we obtained the result.

Next, we give some examples in support of Theorem 3.1.

Example 3.2. Let (X, <) is the POS with X = [0, 1) with < being PO

<, the natural ordering of real numbers. Define M(x,y,t) = " |;_y|

for x, y in X and t > 0 and x * y = min{x,y} for all x, y in [0, 1].
Then (X, M, *, <) be a PO-GV-FMS, which is not complete. Also,
X is regular. Define the mappings £: X X X = X and g: X = X
respectively by

P(x,y) =04 forall (x,y)in X X X

and
_( 07if 0<x<0.5,
9(x) _{)g— 03 if 0.5<x<1.
Since g(P(x, y)) = 9(0.4) = 0.7 # 0.4 = P(¢(x), g(y)) for all x, y in
X, the mappings P and g are neither commutative nor compatible.
The following observations are immediate:

(i) PX X X) € g(X);
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(i) g(X) is complete;

(i) the map g is not continuous;
(iv) P has MgMP;
v) the map g is not monotonic.

Further, there exist x, = 0.3 and y, = 0.5 such that g(x,) = g(0.3) =
0.7>0.4=P(0.3,05) = P(x,, y,) and g(y,) = 9(0.5) = 0.2 < 0.4

=P(0.5,0.3) = P(y,, x,)-

Also, the inequality (X - 3) holds, since for any k in (0, 1),t>0
M®(x, y), P(u, 9), kt) * M(P(y, x), P(v, u), kf) =1 1

= M(9(x), g(u), 1) * M(g(y), 9(¥), 1),

for all x, y, u, ¥ in X, with g(x) < g(u) and g(y) = g(»).

Hence, all hypotheses of Theorem 3.1 hold, thus, the pair (, g) has
a CCP in X x X. Thus on applying Theorem 3.1, we get that the
point (0.7, 0.7) is a CCP of the pair (P, g).

Corollary 3.3. Let (X, M, *, <) be a PO-GV-FMS which is
complete. Let the mapping £ has MMP and subjected to following:
(X - 5) there exists k in (0, 1) such that

M@, y), P(u, v), k) * M(P(y, %), P(v, w), kt)

= M(x, 1w 1) * M(y, v, 1),
forall x, y,u, v in X, t>0withx<pandy >« (or,x =pand y <

9).

Further, suppose either
@ the mapping @ is continuous, or
(b) X is regular.

If there exist x,,y, in X such that x, < P (x,,y,) and y, >

Py, %) (O, X = P(x,, 5, and y, < P(y,, %,)), then the map P
hasa CFP in X.

Proof. Proof follows by considering g = Ix (identity map on X), in
Theorem 3.1.
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4. Existence and Uniqueness of CCFP

Very recently, in order to obtain CCFP for nonlinear
contractive mappings in cone metric spaces, Abbas et al. [41] gave
the notion of w-compatible mappings. In this section, utilizing the
notion of w-compatible mappings we extend Theorem 3.1 to ensure
the existence and uniqueness of the CCFP in fuzzy metric space.

Definition 4.1 ([41]). The mappings P and g are called w-compatible

if g(P(x, y)) = P(gx, gy) whenever g(x) = P(x, y) and g(y) = P(y, x)
forx,y e X.

Now, we give our result as follows:

Theorem 4.2. If in Theorem 3.1 an additional hypothesis that: “for
every (x,y), (x,y)in X X X, there exists a (u, ¥) in X X X such
that (P(u, v), P(v, u)) is comparable to (P(x, y), P(y, x))
and (P(x,y), P(y, x). Let the pair (P, g) is w-compatible, then it
has a unique CCFP.

Proof. Using Theorem 3.1, set of coupled coincidences of pair (P,
g) is not empty. For obtaining the result, we first show: if (x, y) and
(x,y) are CCP, then

g(%) = g(x) and g(y) = g(v). (4.1)

By assumption there is (u, ¥) in X x X such that (P(u, ¢), P(v, ¢)) is
comparable with  (P(x, y), P(y, x)) and (P(x,y), P(y, x)). Put
My =K, vo =vand choose p, v; in X so that g(u,) = P(u,, vo), g(v1)
= P(vy, HO)-

Then, like in Theorem 3.1, sequences {g(w,,)} and {g(v,)} can be
defined such that g(u, . ,) = P(w,,, ¥) and g(vn41) = P(vy, pn).
Further, setx, = x,yo =y, X, =X,¥o =y, We construct sequences
{9(x,)}, {9(vn)} and {g(x,,)}, {g(yx)} following the same track.
Then, it can be easily obtained that

9(>Sn+1) = “P()Sna yn)’ g(yn+1) = ‘P(ynﬂ )Sn)
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and

9(41) = Py Yn)s 0ns1) = PO, %), forn = 0.

Since (P(w, v), (v, W) = (gk,), g(v1)) and (9(x), 9(y)) = (P(x, y),
P(y, %)) = (9(x,), 9(y1)) are comparable, then g(p, ) > g(x) and g(v,)

< g(y). Easily, it can be shown (g(p,,), 9(v»)) and (g(x), g(y)) are
comparable; that is, g(n,,) = g(x) and g(v,) < g(y) for all n > 0.

Thus, from (X - 3), forn >0,
M(g(r,,41) 9%), k) * M(g(¥n+1), g(¥), k)

=M@(w,, 9n), PG5, ¥), k) * M@ (v, 1), P, %), kt)
> M(g(k,), g(x), 1) * M(g(vn), 9(y), 1),

that is, for all n € N, we have that

M(g(1,,11) 9X), k) * M(g(vn41), (), kt)

= M(g(k,), 9(x), ) * M(g(¥n), g(¥), 1)- (4.2)
We claim that
lim g(u,) =g(x)  and  lim g(v,) = g@). (4.3)

If lim g(p, ) = pand lim g(v,) = ¢ for some p, v in X, it suffices to
n—oo n—oo

obtain that p = g(x) and v = g(y). Letting limitas n — o in (4.2) and
using the properties of y, we obtain that

M g(%), kt) * M(v, (), kt) = M(1, 9(x), 1) * M(v, g(¥). )
=M g(x), 1) * M(v, g(v), 1). (4.4)
Thus,

M gx), 1) * M(v, ), 1) = M, 9(%), t/K") * M(v, (), t/K"),
for all n € N, implying that M(u, g(x), t) * M(v, g(¥), t) = 1 for t >
0. It follows M(u, g(%), t) = M(v, g(v), t) = 1 for all t > 0, therefore
we can obtain that p = g(x) and v = g( y), and hence (4.3) holds.
Similarly, we obtain that

limg(u)=g(x)  and  lim g(v,) = g(). (4.5)
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Using uniqueness of limit, it is obtainable that g(x) = g(x") and g(y)
= g(y). Thus, we have proved (4.1).

As g(x) = P(x, y), g(y) = P(y, x) and the pair (P, g) is w-compatible,
it is obtainable that

9(9(x)) = g(P(x, ¥)) = P(g(x), 9(y)) and g(g(y)) = 9(P(y, X)) =

P(g(y), 9()). (4.6)
Denote g(x) = z, g(y) = w. Then, using (4.6),
9(z) =P(z w)and  g(z) = P(w, 3). (4.7)

Thus, (z, w) is a CCP.
Then, by (4.1) withx =z and y = w, we get g(z) = g(x) and g(w)
=a(y);
that is, g(z) = z, g(w) = w, (4.8)
Using (4.7) and (4.8), we obtain
z=4(z) = P(z, w) and w = g(w) = P(w, 2).
Hence, (z, w) is CCFP of # and g.
For uniqueness, let (p, q) be any CCFP. Then, by (4.1), we get

p=49(p) =g(z) =zand q = g(q) = g(w) = w.

5. Application in metric space

In this section, as application of the results proved in the
earlier sections of this paper, we obtain CCP results in the framework
of ordered metric spaces.

Theorem 5.1. Let (X, <) be POS and d a metric on X so that (X, d)
is a metric space, the pair (P, g) of maps be such that £ has MgMP
and subjected to following:

(X - 6) there exists some k in (0, 1) such that

max{d(P(x, y), P(w, 7)), APy, X), P(v, 1)}
<5 [d(g0). 9(u)) + d(g(s). 9],

forall x, y, u, v in X for which g(x) < g(w), g(y) = g(v) (or, g(x)
7 g(w) and g(y) < g(v)).

-162-



Suppose that (X - 1), (X - 2) and (X - 4) holds. Also, assume that
@ both the maps P and g are continuous, or
(b) X is regular,

then the pair (P, g) has a CCP.

Proof. For all x, y in X and t > 0, define M(x, y, t) =

t
t+d(x, ¥)
* g = min{p, q} with p, q in [0, 1]. Then, (X, M, *) is FMS, = as the
HadZic type t-norm. Also, it can be easily seen that M(x, y, t) =

— 1 ast—- oo, for all x, y in X. We next verify that the

and p

E+d(;s. y)
inequality (X - 6) implies (X - 3). If otherwise, for y(t) = t, from (X
- 3), forsome t>0and x, y, p, v in X with g(x) < g(w), 2(y) = £(v),
we have

min{(¥(t + 3 AP, y), P, ), 1/t + AP, X), P(v, W)}
<min{(t/(t + d(9(x), g(1)))). ¥/t + d(a(y), 9(+)))},

then, we have either,
(vt +§91(=P()s, y), P(w, #)))) < min{(t/(t + d(g(x), g(w))), ( +
dlg(y), g},  (B.1)

or,
(t/(t +%d(‘1’(y, X), P(v, w))) < min{(t/(t + d(g(x), g(w))). /(t +

dlg), g} (5.2)
From (5.1), it follows

t+=d@(x, y), P, 9) >t +d(g(x). g(1)). (5.3)
4= d@, ¥), (1, 9) > 1+ dg(y), 9(+). (5.4)
Combining (5.3) and (5.4), we attain
d(P(, y), P(1, v)) > 5 [d(g(x). g(w) + d(g(¥). g())] (5.5)
Similarly, from (5.2), we obtain that
d(P(y, %), P(v, W) > E [d(g(x), g(w) + d(g(¥), g())]. (5.6)

Using (5.5) and (5.6), we have that
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max{d(P(x, y), P(n, )), d(P(y, %), P(v, W)} > E [[d(a(x), g(w))
+d(g(y), 91,
which is a contradiction to (X - 6). Now, on applying Theorem 3.1,
we get desired result.

Theorem 5.2. Let (X, <) be POS and d a metric on X so that (X, d)
IS a metric space. Let the pair (J, g) of maps be such that £ has
MgMP and subjected to following:

(X - 7) there exists some k in (0, 1) such that

d@P(, y), P, 9)) + d(P(y, x), P(v, W) < k [d(g(x), g(W)) + d(g(y),
g1,

for all x, y, p, ¢ in X for which g(x) < g(w), g(y) > g(¥) (or, g(x) >

g(w) and g(y) < g(v))-
Suppose that (X - 1), (X - 2) and (X - 4) holds. Also, assume that

€)) both the maps ® and g are continuous, or
(b) X is regular,
then, the pair (P, g) has a CCP.
Proof. Result follows immediately by considering the well known

fact that, % < max{x,y} in Theorem 5.1.

Remark 5.3. (i) Theorem 5.1 provides an extension and
generalization of a result of Berinde [Corollary 1, 38] for a pair of
mappings.

(ii) Theorem 5.2 improves the recent result of Jain et al. [Corollary
2.3, 23]. By taking g = Iy (the identity mapping on X) in Theorem
5.2, we obtain the result of Berinde [Theorem 3, 39].

Remark 5.4. Unique coupled common fixed point for the pair (P, g)
under the hypotheses of Theorem 5.1 (or Theorem 5.2) can be
obtained by assuming the additional assumptions as in Theorem 4.2.
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CHAPTER VIlII

Mathematical Analysis of an SVEIHR Epidemic
Model for the Measles Transmission Dynamics

Mehmet KOCABIYIK!

Introduction

Measles is an infectious respiratory disease and the disease is
caused by a virus from the Paramyxoviridae family (Yanagi et al.,
2006; Griffin, 2016). The incubation period for measles is usually
10-14 days. People who are exposed and infected usually recover
within three weeks without any complications. However, some
people exposed to the disease die or suffer from serious illness and
lifelong complications (Beay, 2004; Abad and Safdar, 2015).

Annual reports on the estimated number of measles cases and
deaths caused by measles worldwide are announced by the World

1 Asst. Prof. Dr., Burdur Mehmet Akif Ersoy University, Department of Mathematics,
Orcid: 0000-0002- 7701-6946.
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Health Organization (WHO), by evaluating the reports of member
countries (WHO, 2019).

Although measles is a vaccine-preventable disease, it still has
alarming data globally. Measles has become a leading cause of
illness and death among young children under five years of age
worldwide, especially in underdeveloped countries. The spread of
the virus occurs through the coughing or sneezing of an infected
person. Therefore, the spread rate of the virus may be quite high.
Clinical symptoms of the disease are high fever, runny nose, cough,
conjunctivitis, rhinitis, small white spots, and rashes on the body of
infected people.

In recent years, research on measles has become one of the
most important research areas in epidemiology due to the impact of
mortality rates. Many scientists are focused on finding the best ways
to prevent and control the disease in the first place. Researchers who
generate ideas using different models have presented their
mathematical, experimental and theoretical works to the scientific
world. Some of these are stated below.

Momoh et al. (2013) took into account the impact of
asymptomatic individuals on measles dynamics in their study.
Adewale et al. (2014) proved in their studies that the connection
between people infected and uninfected with measles is effective in
controlling the spread of the disease. In examining the dynamics on
the effect of vaccination on measles, Smith et al. (2016) and Peter et
al. (2018) conducted various research and studies.

Garba et al. (2017) created a model system that examines the
dynamics of disease treatment along with the vaccination period.
The effect of treatment and quarantine stages on the spread of
measles was examined by Beay (2018). Zhang et al. (2010) studied
the status of the epidemic versus vaccination dynamics on random
graphs and scale-free networks. Mossong and Muller (2003)
conducted a study on modeling the reemergence of measles within
vaccinated populations.
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Beay (2004) proposed a SIQR epidemic model for the disease
in his study. This study also performed numerical analysis of the
model to investigate the impact of treatment and quarantine on
measles dynamics. Data from the study showed that quarantine and
treatment combined were more effective in controlling and
preventing measles. In addition, it was observed with the help of this
study that the spread of measles decreased due to the treatment and
quarantine of infected individuals.

The article that motivated our study is Peter et al. (2022). In
this study, the literature focused on the deterministic modeling of
measles disease in Nigeria. This study is based on an SVEIHR (S-
susceptible, V-vaccinated, E-exposed, I-infectious, H-hospitalized,
and R-recovered) model. The SVEIHR model is based on the
assumption of continuous vaccination.

The findings of the current study may assist government and
public health authorities in creating strategic vaccination plans to
address vaccination gaps and thus prevent measles outbreaks. In our
study, the numerical analysis of this type of model was examined to
help prevent and control the disease. Thus, the effect of the system
obtained in the stability analysis on people at different stages can be
easily interpreted.

In our study, the nonstandard finite difference method (NSFD)
was used as the numerical method. The method developed by
Mickens (1994) can easily eliminate instabilities, unlike other
numerical methods. It is very important to eliminate instabilities by
choosing the denominator function (Mickens, 2002).

A lot of work has been done on the NSFD scheme. Ongun and
Turhan (2012) made a numerical comparison for discrete HIV
infection. For this comparison, they used the NSFD scheme in the
disclosure part. Kocabiyik and Ongun (2022) also used this scheme
in their distributed-order smoking model, adding one of the rare
studies in this field to the literature. In their study, Kocabiyik and
Ongun (2023) used the NSFD scheme in nonlinear equation systems
and obtained productive results. For more detailed information, you
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can refer to the sources (Kocabiyik et al., 2020; Cetinkaya et al.,
2021; Ozdogan and Ongun,2022).

This paper is organized as follows. In the second section, the
basic information necessary for the analysis is given. This
information is about the Nonstandard finite difference scheme
(NSFD) scheme and stability analysis. In the third section, the
system of Measles disease is defined. Again in this section, the
discretization of the system was found with the NSFD method. In
the fourth section, the equilibrium points of the discretized system
are examined. The stability analysis of the equilibrium points was
obtained in this section by finding the eigenvalues. The fifth chapter
includes the results and discussion section based on the
discretization and stability analysis data.

1.Basic Definitions About Nonstandard Finite Difference
Scheme and Stability Analysis

In this section, information about the non-standard finite
difference method and stability analysis is given.

The nonstandard finite difference method was defined by
Mickens (1994). It was also applied to differential equations by
Mickens. With this method, Mickens tried to solve the instabilities
encountered during numerical analysis. The denominator function is
used in the method to remove instabilities. With the different
selection of the denominator function, instabilities are eliminated
and analysis operations under different effects are made easier.

The method described by Mickens is as follows.

Definition 2.1: (Mickens, 1994) The Nonstandard finite
difference scheme is defined as follows:

dk k -k
S L o 6, FG)  FOR), KO~ ke,
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where ¢ is a denominator function. The denominator function
depends on the variable p, which can be found by the equilibrium
point, and the variable h, which is the step interval.

Definition 2.2: (Richter, 2002) Let the equilibrium point of
the difference equation be Eq, in which case the following
statements are true.

i. If the absolute values of all roots of the characteristic
polynomial are less than one, the equilibrium point is locally
asymptotically stable.

ii. If at least one of the absolute values of the roots of the
characteristic polynomial is greater than one, the equilibrium point
is unstable.

2.Discretization of Measles Transmission Dynamics

There are 6 different classifications in the population equation
of the measles system. In this system, S(t): the susceptible
population, V(t): vaccinated individuals, E(t): the population
exposed to the disease, I(t): infected individuals, H(t): the
population hospitalized due to the disease, and the last R(t): refers
to the population that survived the disease and recovered. The
ordinary form of the SVEIHR model can be given as (Peter et al.,
2022):

% = ¢ — aSOI®) +w V(©) = (r + WS (),
‘;_‘Z = 75() — (u+ WV (D),

0 = aSOI©) ~ (6 + WE®,

% =BE®) — (u+p+ 8D,

%1 —pI(D) — (y + 6 + WH(D,

~174-



dR
2¢ = YH® —ur(@),

where, the daily intake of the susceptible population is at the
rate ¢. The transmission rate for the susceptible population is «, loss
of immunity at the rate of vaccine decline is w and individuals in the
susceptible population are vaccinated at a rate . Natural mortality
occurs at a rate u in all populations and the progression from the
exposed class to the infected class is at the rate 5. Infected people
visit the hospital at a rate of p due to complications from measles.
The measles-related mortality rate is denoted by & and the recovery
rate from the effects of measles infection following treatment is y.

The discretization processes of the SVEIHR model are as follows:

% =@ —aSyl, + wV, — (T + w)Sni1,
% = 1S, — (U + W)Vpyy,

% =aSyl, — (B + WEn 41,

Iy —In _

NN BE,— (u+p+ 8y,
% =pl,—(y+6+wH,,
% =yH, — uR,41,

where ¢;,i = 1,2, ...,6 are denominator functions and are chosen as

follows:
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e(r+u)h -1 e(u+w)h -1

¢,(h) = Tﬂ)'%(h) = W:%(h)
elBron_ g
B +w
e(u+p+8)h -1 e(y+6+u)h -1
¢4(h) = m@s(h) = m:fﬁs(h)
et —1
=—0

If the necessary arrangements are made in the following order:

Sn+1— Sn = ¢1(M(@ — aSply, + wV, — (T + 1) Spi1),
Virr =W = ¢2(h)(TSn - (.u + W)Vn+1)f

Eny1 — En = ¢3(R)(aSpl, — (B + 1)Enyq),

In+1 - In = ¢4(h)(,3En - (.u +p+ 6)1n+1);

Hyyq — Hp = ¢s(R)(pl, — (¥ + 6 + ) Hpi),

Rpy1 —Rp = ¢6(h)(yHn - .uRn+1):

and then,

Spe1(1— ¢ (M@ + W) = S — 1 (W) (@ — aSpl, + Whp),
Vi1 (1 — g2 (M) (e + w)) =V — ¢, (RS,

Epi1(1 = ¢3(R)(B + W) = En— ¢p3(h)aSy 1y,

Int1(1 = pa(W)(p +p + 8)) = Iy — o (WPE,

Hpnt1(1 = ¢s(W(y + 8 + 1) = Hy — ¢ps(R)ply,

Rpy1(1 - ¢6(h);u) =Ry — ¢)6(h)VHn;

The final version of the discretized form of the SVEIHR system is
as follows:
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s _ Sp — ¢1(W (@ — aSyl, + wiy)
e 1-¢: (W +w
v _ Vo — po (WS,
T — (Dt w)
E,— ¢3(h)aS,1,
1—¢s(W(B +w)
I — In B ¢4(h)ﬂEn
- g tp +6)
H, — ¢s(h)pl,
1-¢s(MWy+6+w
R _ Ry,— ¢s(h)yH,
1= ge(u

Enyr =

Hy =

If the following system of equations is solved to find the
equilibrium point of the system:

_ Sp — ¢1(R) (@ — aS,I,, + wi},)

Sn 1— (D + 1)

_ Vo — @2 (h)TSn
T 1-¢g, (Mt w)

_ Ep— ¢s(h)aSul,
C1-¢3(WB+ )

En

]n - ¢4(h),BEn

=1z ps(W)(u+p+6)
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_ Hn - ¢5(h)p1n
1-¢s(W(y +6+w)

Hy

_ R,— ¢s(h)yH,
" 1—¢s(Mp

Thus, the equilibrium points are found as:

pu+w) Pt
p(+w +w+21) ul +p) +w +21)’

qu = ( OlOIOIO)I

Eq;
(B+w((+p+8)) (B +W)((u+p+0))
= of , B+ w) » €43, €4y, €(s, €(g |-

Here, quite complex operations are required for the last 4
components of the Eq, equilibrium point. For this reason, in the
stability analysis part, the components of this balance point were
obtained with numerical values.

3.Stability Analysis of SVEIHR Epidemic Model

In this section, stability analysis was performed to better
understand the impact of measles. Two different equilibrium points
were considered for the stability analysis. The parameter values to
be used in this section are expressed in the table below (Peter et al.,
2022):

¢:680.27| u:0.000309 6:0.033720 7:0.0000001 w:0.003286
a:107° p:0.5 p:0.036246 y:0.062366 | h:0.01
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By substituting the parameters at the expressed equilibrium
points, these points are obtained as follows:

Eq, = (2201459.799,61.23671208,0,0,0,0),

Eq,
= (70318429.96,1956.006397, —42071.45835, —299334.4601, —112554.~

For stability analysis of equilibrium points, Jacobian matrix is
required. The Jacobian matrix of the resulting discretized system is
shown as follows:

1+ ¢1(M)(aly) —¢:(M)(w) 0 ¢$1(R)(as,) 0 0
1-p(WE+w) 1-¢ (W +w 1—¢(M)(T+p)
—¢2 () ! 0 0 0 0
1-¢(Mu+w) 1-¢(Wu+w)
— ¢3(h)al, 0 1 — ¢3(h)as, o 0
1-¢s(M(B+ 1w 1-¢3(M(B+ 1w 1-¢s(M(B+w
0 0 —¢s(WB 1 o 0
1-¢(Mu+p+8) 1-¢(W)(u+p+9)
. . . ~gs(p 1
1-¢ps(My+5+u) 1-¢s(My+3+u)
0 . . . ~ ps(h)y 1

1= de(h)p 1= ¢s(Mu

By substituting the parameters and the obtained equilibrium
point Eq, into the Jacobian matrix, the characteristic equation is
obtained as:

P(A) = 25 —5.993301 A° + 14.966515 A* — 19.933049 A3 +
14.933067 A2 — 5.966543 1 + 0.993310

With the necessary calculations, the eigenvalues of this
characteristic equation are in the following form:

A1 =10.994983,1, = 0.999036,4 3 = 0.999322,
A4 =10.999964,1 5 = 0.999996,1 ¢ = 0.999997.

Thus, with the help of Definition 2.2, the absolute values of all
eigenvalues are less than 1, that is, the Eq, equilibrium point is
locally asymptotically stable.

If the same operations are repeated for Eq,, the characteristic
equation is:
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P(1) = 2% —5.993304 A°> + 14.966527 A* — 19.933065 A3 +
14.933077 22 — 5.966544 1 + 0.993310
And the eigenvalues are,
A1 =0.994307,1, = 0.999036,1 ; = 0.999956,
A4 =10.999964,1 5 = 0.999999,1 ( = 1.000042.

As can be seen, the Eq,equilibrium point is unstable because
the A ¢ eigenvalue does not meet the stability condition.

4.Conclusion

In this study, a stability analysis of an epidemic model of
measles has been obtained. The effect of the vaccination component
in the model has been examined. Discretization for numerical
analysis has been obtained by the nonstandard finite difference
method. Afterwards, equilibrium points were found again with this
discretization method. Stability analysis of equilibrium points was
examined with parameters. Thus, it has been seen that the method is
suitable for this type of endemic equations. We have shown that
analysis can be performed under different situations by selecting the
appropriate denominator function.
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CHAPTER IX

Application of Kashuri Fundo Transform to Solve
Logistic Growth Model, and Prey-Predator Model

Nihan GUNGOR!

Introduction

Mathematical modeling is vital for resolving real-life problems
in engineering, physics, statistics, economics, finance, chemistry,
and other domains. Differential equations often serve as an important
tool for modeling problems in these fields. Differential equations
comprise quantities whose values fluctuate by one another and their
respective rates of change. Modeling the relation between
derivatives with differential equations, real-world issues become
simpler to comprehend and easier to develop solutions for these

I Assoc. Prof. Dr., Department of Mathematical Engineering, Gumushane University,
Gumushane, Turkey, ORCID: 0000-0003-1235-2700
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models. The majority of real-world issues involve nonlinear
differential equations. It is challenging to solve some of these
problems analytically. As a result, new approaches and studies are
being developed to find better and newer numerical solutions to
nonlinear equations.

Thomas Malthus introduced one of the earliest mathematical
models illustrating the dynamic change of populations. The
Malthusian model posits that the rate of population growth in a
country is directly proportional to its total population, denoted as
W(t) at any given time t. According to this theory, the population
growth at a specific moment in time is directly proportional to the
projected population growth in the future. The mathematical
representation of this model is described as a first-order ordinary
linear differential equation,

dw B
dt
with initial condition
W(t,) =W,

where, W represents the population at time t, W, indicates the
starting population at time t, and « is a constant of proportionality.
Based on this equation, it can be deduced that the population graph
demonstrates exponential growth (Weigelhofer & Lindsay, 1999).

KW

The Malthus growth model demonstrates that a population can
increase unlimitedly over time. Nevertheless, each population has a
carrying capacity. When a population achieves its carrying capacity,
competition for limited resources such as food, space, and other
factors occurs, resulting in a divergence from exponential population
growth. As a result, Pierre Verhulst's logistics model, which
describes growth in a confined area, replaces the Malthusian model.
The nonlinear biological models encompass a logistic growth model
within a population, represented by the equation
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O o3 22)

where r is growth rate and « is the carrying capacity. The function
W(t) denotes the population of the species at time t, while the
expression rW(t) (1 we )) represents the per capita growth rate.
Non-dimensionalization of equation (1) is accomplish by

W(t
p(r) = L, T=r7t
K
which yields
d
L= p-9). @

If the initial condition is given as W(0) = W,, then ¢(0) =
% . Consequently, the analytical solution of equation (2) is achieved

by
1

1+ (n—70 -1

The Lotka-Volterra equations were formulated to describe the
dynamics of biological systems. This system of nonlinear
differential equations focuses on predator-prey interactions. A
predator-prey relationship refers to the dynamic between two species
and the reciprocal influence they have on each other. At that point,
one species is, in fact, consuming the other species for food. A
predator is an organism that consumes or hunts other organisms for
food, whereas a prey is an organism that another organism Kills for
food. Examples of predators with their prey are the fox and the
rabbit, the lion, and the zebra. Predator-prey dynamics is a notion
that applies not just to animals but also to plants. The relationship
between the grasshopper and the leaf serves as an illustrative

example in this context. The predator-prey models: Lotka—Volterra
systems as an interacting species model denoted by

() = : (3)
Je
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dw

—=W(a-b) 4)
W e pew—d 5
= =VW-d) O

where a, b, c and d are constants (Murray, 1993). Here W = W(t)
represents the prey population, and V = V(t) represents the
population of predators at the time t. The non-dimensionalization of
the system (4)-(5) is given as

o(t) = CM;(t), Y() = bva(t), T=at, wpu=d/a
and it turns into
do _
Pr o(1—1) (6)
dp
27 = Halo, ) —l. (7)

Integral transforms are a valuable mathematical tool for
solving a wide range of processes and phenomena in the fields of
science, engineering, and real-life applications. These transforms
allow us to express various complex problems in a mathematical
framework, enabling their solution through rigorous mathematical
techniques. In fields such as engineering, physics, and chemistry,
integral transformations are employed to solve initial value
problems, boundary value problems, differential equations, and
integral equations. They convert the original domain of problems
into another domain, simplifying intricate problems and enhancing
comprehensibility. Subsequently, Inverse integral transforms are
used to return the solution discovered by integral transforms to its
original domain. Due to the diverse range of applications, many
novel integral transforms have been defined. The most widely used
and well-known integral transforms are the Laplace, Fourier, and
Sumudu transforms. In this study, we deal with the Kashuri Fundo
transform which is one of the integral transforms. The Kashuri
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Fundo transform stands out as a convenient, efficient, easy-to-use,
and dependable method, enabling the attainment of solutions without
the need for intricate calculations. As a result of this, one may find
several studies on the Kashuri Fundo transform in the literature.
Kashuri and Fundo (2013) introduced the Kashuri Fundo transform
to the literature. Numerous researchers, Kashuri and Fundo among
them, developed various applications (Kashuri et al. 2013a, 2013b,
2015; Fundo et al. 2016) of this transform in subsequent stages. Shah
et al. (2015a, 2015b) examine to solve a nonlinear differential-
difference equation arising in nanotechnology and the concentration
of the longitudinal dispersion phenomenon arising in fluid flow
through porous media by mixture Kashuri Fundo transform and
homotopy perturbation method. Giingér (2021) investigated the
solution of Volterra integral equations via Kashuri Fundo transform.
Johansyah et al. (2022) solved the economic growth acceleration
model with memory effects for the quadratic cost function using
Kashuri Fundo transformation method. Moreover, Peker et al. (2022,
2022a, 2022b, 2022c, 2023) utilized this transform to solve Abel’s
integral equation, steady heat transfer problem, decay problem,
cardiovascular models.

Now, we will present the Kashuri Fundo integral transform,
along with its necessary properties.

Definition 1. (Kashuri & Fundo, 2013) Let F be a function set
defined by

It|
F= If(t) | IM, ky, k, > 0, such that |f(£)| < Meki, if ¢

€ (-1 x [0, oo)}.

where M must be finite number k4, k, may be finite or infinite. A
new integral transform denoted by the operator K (.) is defined by
1 zt
K[f(®O)]w) =AW) = ;f ev2f(t)dt, t =2 0,—k; < v <k,.
0
--188--



Theorem 1 (Linearity property ). (Kashuri & Fundo, 2013)
Let f(t) and g(t) be functions whose Kashuri Fundo integral
transforms exit and A, , 1, be constants, then

K f + 2, 9] = 1 K[(H©O] + 2, K[(g) (D).

Theorem 2 (Kashuri Fundo transform of the derivative).
(Kashuri & Fundo, 2013) Let suppose A(v) be Kashuri Fundo
transform of f(t). Then

n-—1

A(w) £ (0)
%[f(n)(t)] = oon — Z m
k=0
Table 1. Kashuri Fundo Transform of Some Standart Functions
f® Kf®]=A®)
1 v
t v3
tTl n' v2n+1
v
At _
€ 1—Av?
3
sin(At) | 2
1+ A2p4
At v
cos (A1) 1+ A2p4
3
sinh (Ae) | 27
1— A2p4
A
h (At S
cosh (At) T
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Main Results

This section presents the Kashuri Fundo transform as a
technique that facilitates the solution of nonlinear differential
equations through biological models, specifically those comprising
a logistic growth model to study population dynamics and the prey-
predator model to analyze ecological interactions.

Kashuri-Fundo Method for Logistic Growth Model

In this subsection, take into the model equation in the form
of

do _ _
Pk e 9(@),  90)=¢, (8)

where g represents a nonlinear function of ¢. Therefore, we assume
that the solution of ¢ satisfying (8) has a representation of the form
of an infinite series

p=0® =) ©
k=0
In addition, it fulfills the necessary criteria for the Kashuri Fundo
transform to be in existence. Applying the Kashuri Fundo transform
to the either side of the differential equation in (8), then we find

%
% _ % = Klp®)] - K[g(o®)].

Hence, we obtain

v v?
Klo®] = po =3~ 753 X9 (e®)]. (10)

Thus, assuming the existence of the inverse Kashuri Fundo
transform X ~! exists and applying it to expression (10), the
equation can be written as:
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2
p(t) = poet — K [1 z —X[a(e®)]

Example 1. Let us consider the logistic growth model equation
(8) where W, = 2 and k = 1. Hence ¢, can be expressed as ¢, =

% = 2. We set g(@) = ¢? as in (2) so that one finds

g9(p) = (i thk>

k=0

2

= (co + 1t + Cpt? + oo+ +pth + )2
= ¢ + 2cocqt + (2coc, + c2)t?
+(2cocs5 + 2c1¢)t3 + (2cocy + 2403 + c2)tr + -
Implementing Kashuri Fundo transform to each side of the equation
Klglp)l = cw)
= cgv + 2coc1v3 + (2cycy + €2)210°
+(2¢coc3 + 2¢4¢5)3! 07
+(2cocs + 2c103 + €2)41 02 + -,
Using (10) one gets

d(v) =2

v v3c2  2cociv®
1-v2 [1—-v?2 1-v?

(2coc + v’ 3 (2coc3 + 2¢4¢,)v°
' 1—v2 ' 1—v2

2CoCa + 2¢,Cq + c2)v1t
+4!( 0Ca 103 1 ¢3) b

+2

1—v?
=2 1_17172—[cg(l_vvz—v)+20001(#—v—v3)
+2! (2cocy + ¢2) (#—v—v?’—vS)
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+3!' (2¢coc3 + 2¢4C5) (m —v—v3—-v°— v7)
2 v 3 _ .5_ 27 _ 19
+4!(2coc4+2clc3+c2)(m—v—v —v>—v —v)

+ ]
Upon application of the inverse Kashuri Fundo transform to this
equation yields

t2 t3 4
Co + 1t + cpt?+cst3 + 2<1+t+2+3+4'+ >

—(c& 4 2cocq + 4coey + 262 + 12¢c3 + 12¢4c, + 48cqcy + 48¢4c5

tZ t3 4
2
+24c3 + -)<1+t+2'+3|+4|+ >

+(c2 + 2cocy + 4oy + 2¢2 4+ 12¢9c3 + 12¢4¢5 + 48cycy
+48cyc5 + 24c¢3 + +++)

+(2cocy + 4cocy + 2¢2 + 12cc3 + 12¢4¢, + 48cqcy

+48c,c5 + 24c3 + -+ )t

+(2¢ocy + ¢ + 6¢yC3 + 6¢1C5 + 24chCy + 24c,c3 + 1265 + -+ )t?
+(2cocs3 + 2c4¢5 + 8cocy + 8cycz + 4cs + -+ )3

+(2cocy + 2¢1c5 + 2+t +

t2 3 t* cé
_ _ 2 _[S0 2
—2<1+t+2|+3'+ +- ) cot <2+cocl>t
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6

CE coCi CoCy €% CoC3 €10y
24

=2+(2—c§)t+<

3

12

3

6

2 2
c CoC 2¢CyC c
_<_0_|_o1+ 02+1>t3

3

12

2

Co
1——— t2
5 cocl>

2 2

N 1 ¢f coc1 2coc; ) 4
3 6 3
1 ¢f cot1 €tz C€F  CoCz €16\
12 24 6 12 2 2

Co =2,
C1=2—cy=c=-2,
cs
C2=1_7_COC1:C2—3,
1 ¢2 coc; 2coc, 2 13

_ - %% %% 4% N 43
=37 3 3 BT 73

_ 1 ¢§f cocr cocz €f oz €16y _ 25
“T12724 12 6 12 2 T2 T 9Ty
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and so on. Consequently, the solution ¢(t) is obtained from (9) as

follows

13 25
p(t) = 2—2t+3t2—?t3 +Tt4+"'

that is the closed form exact solution obtained in (3). This solution
is identical to the one discovered in (Pamuk & Soylu, 2020; Pamuk,
2005).

s, (t) represents the nth partial sums of the series (9) which
is equivalent to

n

s,(t) = Z crtk. (11)

k=0

Based on the observation of Figure 1, it is evident that a highly
accurate approximation of the exact solution for the logistic growth
model within the time interval [0,0.25] has been achieved by
computing only five terms of the series in (9). This indicates that the
rate of convergence of the Kashuri Fundo transform method is highly
rapid. Furthermore, it is possible to minimize the overall errors and
obtain a reasonably accurate estimation of the exact solution for t >

0.25 by incorporating new terms into the series.
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Figure 1. The resolution of the logistic growth model in
population dynamics

Applying of Kashuri Fundo Transform for Prey-Predator
Model

Let us consider the system of non-linear differential

equations that determines the predator-prey model.
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do _ 12
Frink 9@, ) (12)

ayp

= = alh(,¥) ¥l (13)

with initial conditions

©(0) = @0, ¥(0) = 1o (14)
where g and h are nonlinear functions of ¢ and i and also « be a
positive constant. It is assumed that the solutions ¢ and i of the
system (12)-(13) possess infinite series expansions in the following

form:

o)

PO =) ath, PO =) dtk, (15)
k=0

k=0

Furthermore, the necessary criteria for the existence of their Kashuri
Fundo transforms are satisfied by them. By utilizing the Kashuri

Fundo for the equations (12)-(13) and utilizing (14), we obtain

P 20 o) - 6w) 16)
v
D Voo el - ww)] (a7)

where  K[p(t)] = @), K[g(e®),p(®))] =c(v), K[y ®)] =
YY), K[h(e),¥())] =H(@w) are the Kashuri Fundo
transforms of the functions ¢(t), g(e(t),¥(®)), ¥(t) and
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h(p(t), (1)), respectively. By solving the equations (16)-(17) for
®(v) and W(v), one gets
v v?
o(v) = 120" 12 G(v)

2

YY) = Yo +

a
0 1+ av?

v
1+ av? H(v)

Assuming inverse Kashuri Fundo transforms exist and utilizing them

to the system, we obtain

2
P©) = poet — K [1 — W)
2
P(E) = oe ™ +ax ! [1 pa— H(v)]

desired solutions to the initial value problem (12)-(14).

Example 2. Consider the differential equation system that
governs the predator and prey model

dp
E—‘P—WP (18)
dy
%—QDIIJ—IP (19)

with initial data ¢ (0) = 1.3, ¥ (0) = 0.6.

Suppose that @(t) = Xir, ckt®, ¥(t) = X7, dit* be solutions
of the system of (18)-(19). Hence, we find
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9@, ) = h(,¥) = pyp = (Z cpt® )(Z dktk>

k=0 k=0
= Codo + (C()dl + Cldo)t + (Codz + C1d1 + Czdo)tz
+(C0d3 + Cle + C2d1 + C3d0)t3 + .-l

The corresponding Kashuri Fundo transforms of these functions

become

G(v) = H(v) = X[py]
= codoXK[1] + (cody + c1do) K [t]
+(cody + c1dy + c3dg) K [t?]
+(cods + c1dy + cpdy + c3dg)FK[E3] + -
= codov + (cody + c1dp)v3
+(cody + c1dy + cpdg)2! v°
+(cods + c1dy + cody + c3d)3' V7 + -

Therefore, we find

3 5

v v v
CD(U) = mls - mcodo - m(codl + C1d0)

21v7
_m (COdZ + C1d1 + Czdo)

31p°
_1_—1]2(C0d3 + C1d2 + C2d1 + C3d0) _

1.3 - (ﬁ — v) Codyo
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4
- (1 _vz _U_v3) (Codl +C1d0)

v
—2' (1 _ 1]2 -V - 1)3 - 175) (Codz + C1d1 + Czdo)

v
—3!(1_vz—v—v3—v5—v7)(cod3+cld2

+ Czdl + C3d0) _

and
3 5
Y(v) = 1T o 0.6 + 152 ——Codp + T+ o —— (cody + c1d,)
21v7
+m (cody + c1dy + c3dy)
319
ti 2 pe > (cods + c1dy + cpdy + c3d) + -
=7 -:vz 0.6 + (v - ﬁ) codo
(vt oty + cady)
1+v

+2! (v —v3+v-— ) (cody + c1dy + cpdy)

v
1+ v2

v
+3!(v7—v5+v3—v+ T 2) (cods + c1dy

+ C2d1 + C3d0) + b

by using (15). By utilizing inverse Kashuri Fundo transform to
these equations, we obtain

-199--



Co + it + cpt? + c3t3 + -
£2 43

- 1-3<1+t+z+§+'“>—60dot

£2
_(COdO + C()d1 + Cldo)i

£3

—(cody + cody + c1dy + 2¢od, + 2¢,d, + 2¢,d,) ETi
2

t
=13+ (13 - Codo)t + (13 - Codo - C0d1 - Cldo) 5

t3
+(13 - Codo - COdl - CldO - 2C0d2 - 2C1d1 - 2C2d0) E
and

do + dyt + dat? +dst® + -
t?2 3
=0.6<1—t+z—§+"'>
t2
_Codot - (Codo + Cod1 + Cldo)g
3

t
—(cody + cody + c1dy + 2¢od, + 2¢,d, + 2¢,d) 3

t2
= 0.6+ (Codo - O6)t + (06 - Codo + COdl + CldO) 5

+(_O6 + Codo - COdl - CldO + ZCOdZ + 2C1d1
t3
+ 2C2d0)§ + .

--200--



If the coefficients are equalized to powers of t, it is found as

CO = 13 do == 06
C1 == 13 - Codo dl = Codo - 06
C1 = 052 d1 = 018

1 1
Cy = 5 (13 - COdO - Codl dz = 5 (06 + COdl + C1d0
—c1do) —¢codo)

¢, = —0.013 d, = 0.183

1 1
C3 = 5 (13 - Codo - Cod]_ d3 == 5 (_06 + Codo - COdl

_CldO - 2C0d2 _CldO + 2C0d2
—2c¢,d — 2¢,dy) +2c,dy + 2¢,d,)

c, = —0.1122 d, = 0.0469

The subsequent terms of the series can be obtained using this
method. By substituting these terms into equation (15), we obtain the
approximate solutions for the problem described by equations (18)-
(19):

@(t) = 1.3+ 0.52t — 0.013t% — 0.1122¢3 — -~
P(t) = 0.6 + 0.18t + 0.183t2 + 0.0469¢t3 + --- .

The current results we have obtained align with the findings from the
referenced research. in reference (Pamuk & Soylu, 2020; Pamuk,
2005).
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The approximate solutions to systems (18)-(19) derived
through the Kashuri Fundo transform using solely four elements of
the series (15) are illustrated in Figure 2. The numerical solutions for
this system appear in Figure 3. The system's numerical solutions are
computed with Ode45, an integrated ordinary differential equation
solver in MATLAB.

Within the time period of [0,1.5], the two solutions for ¢
(prey population) and vy (predator population) are found to be quite
near when comparing the two figures. Adding more terms to the
series provides an even closer approximation to the numerical
answer for t > 1.5, as previously mentioned in the context of the
logistic growth model.
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Figure 2. Approximate solutions to the system (18)-(19) by
Kashuri Fundo transform method
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CHAPTER X

The Representations and Fnite Sums of the Mersenne-
Padovan Numbers

Ozgiir ERDAG

Introduction and Preliminaries
A Mersenne number, by M, , is a number of the form

M, =2"-1. The Mersenne sequence {Mn}nZO can also be defined
recursively by

IVln+2 :3Mn+1—2M

n

with initial values M;=0 and M, =1. It is worth noting that

Mersenne numbers belong to the same family as Fermat numbers,
and thus, they share the same properties. (Catarino, Campos &
Vasco, 2016)
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The Padovan sequence is the sequence of the integer {P(n)}
defined by the following recurrence relation:

P(n)=P(n-2)+P(n-3)
for n>3 and with initial values P(0)=P(1)=P(2)=1.
It is easy to see that the characteristic polynomials of the
Mersenne sequence and Padovan sequence are kl(x) = Xx*—3X+2
and k, (x) = x°—x—1, respectively.

Erdag (Erdag, 2023) defined the Mersenne-Padovan sequence
{Mfa} by the following homogeneous linear recurrence relation:

Mot =3M%, =M% —2M 5 =M% +2M 7 (1)
for n>0 and with initial conditions M{*=--=M/*=0 and

MP =1,

Also in (Erdag, 2023), by the recurrence relation (1), they have

‘MRl 3 -1 -2 -1 2)[M™]
MP | |1 0 0 0 0|MP
MP|=[0 1 0 0 O0f|M™
MP | 00 1 0 0fM™
‘M2 [0 0 0 1 0fM™]

for the Mersenne-Padovan sequence {ana} and they gave the

generating matrix of the Mersenne-Padovan sequence {Mn"a} as
follows:
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3 -1 2 -1 2
10 0 00
E¥=/0 1 0 0 0
00 1 00
0 0 0 1 0]

The matrix EJ =[e, ] _ is said to be the Mersenne-Padovan
matrix. Then, they obtained that

M:f4 M2 +P(n+4)-1  -M%,+P(n) -P(n+2)+1 2anj‘3
Mrsy -M75+P(n+3)-1 -M%+P(n-1) -P(n+1)+1 2M,
(Ex) =|MZ -M2+P(n+2)-1 -M?+P(n-2) -P(n)+l 2M[%
MP  -MP+P(n+1)-1 -M7+P(n-3) -P(n-1)+1 2MP
MP O -MP+P(n)-1 -MP+P(n-4) -P(n-2)+1 2M[ |

for n>4, which can be readily established by mathematical
induction.

Many authors have recently investigated the characteristics of
number theory, such as those derived from homogeneous linear
recurrence relations, which are pertinent to this study; see for
example: (Bradie, 2010; Horadam, 1994; Shannon, Horadam &
Anderson, 2006; Tasc¢1 & Firengiz, 2010; Tuglu, Koger & Stakhov,
2011). In (Akiliziim, 2020; Akiizim & Deveci, 2021; Deveci &
Akiizim, 2022; Deveci, Akiizim & Rashedi, 2022; Kilic, 2008;
Kilic, 2009; Kilic & Tasci, 2006; Stakhov, 1999), the authors defined
some linear recurrence sequences and provided their various
properties using matrix methods. Obtaining new sequences by
multiplication of the characteristic polynomials of the sequences was
first started in (Deveci, 2021). Later the concept was expanded by
authors to different linear recurrence sequences; see for example:
(Deveci & Shannon, 2021; Erdag & Deveci, 2020a, 2020b; Erdag &
Deveci, 2021; Erdag & Deveci, 2022; Erdag, Deveci & Shannon,
2020; Shannon, Erdag & Deveci, 2021). In this study, we consider
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the Mersenne-Padovan sequence. Also, we derive the permanental
and the determinantal representations of the Mersenne-Padovan
numbers by using certain matrices that are obtained from the
generating matrix of the Mersenne-Padovan sequence. Finally, we
obtain the combinatorial and exponential representations and the
finite sums of the Mersenne-Padovan numbers by the aid of the
generating function and the generating matrix of the Mersenne-
Padovan sequence.

Main Results
Definition 1. A ..y real matrix M =[m,; ] is called a contractible

matrix in the kth column (resp. row.) if the kth column (resp.
row.) contains exactly two non-zero entries.

Suppose that x,x,,...,x, are row vectors of the matrix M . If M
is contractible in the kth column such that mi,k¢0,mj,k¢0 and
i = j, then the (u-1)x(v-1) matrix My, is obtained from M by
replacing the ith row with M, X; +M; X, and deleting the jth row.

The kth column is called the contraction in the kth column
relative to the ith row and the jth row.

In (Brualdi & Gibson, 1997), Brualdi and Gibson obtained that
per(M)=per(N) if M is a real matrix of order ¢>1 and N is a
contraction of M .

Now we concentrate on finding relationships among the
Mersenne-Padovan numbers and the permanents of certain matrices
which are obtained by using the generating matrix of the Mersenne-
Padovan sequences.

Let F "™ :[fij] be the 77x7 super-diagonal matrix, defined
by
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3, ifi=zandj=7forl<r<n,

2, ifi=zandj=r+4forl<r<p-4,

1, ifi=rz+landj=7rforl<z<n-1,
ifi=zandj=r+1forl<r<p-1

oo, and

i=randj=7r+3forl<z<p-3
=2, ifi=randj=r+2forl<zr<n-2,
0, otherwise.

for 5 > 5. Then we have the following Theorem.
Theorem 1. For ,>5,

M,Pa _ Pa
pean = MM,

Proof. Let us consider matrix F,7M'Pa and the equation be hold for
n >5. Then we show that the equation holds for »+1. If we expand
M ,Pa . .
the perF, by the Laplace expansion of permanent with respect

to the first row, then we obtain

perF "™ =3perF " ™ — perF *,™ — 2 perF ", — perF *,™ + 2 perk ", .

Since
perE"™ =M,
perF "™ =M,
pean“fz’F’a = M,ffz,
perF,?“fg;F’a = M:j‘l
and
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M, Pa _ Pa
perF”_4 = M,7

FM,Pa —_

=M% . So the proof is complete.

we easily obtain that perk, pi5 -

Let G"™* =[ g, | be the 77x77 matrix, defined by

3, ifi=randj=rforl<z<p-1
2, ifi=randj=r+4forl<r<n-4,
ifi=rz+landj=zforl<z<pn-2
1, and
i=zandj=r7for r=n,
ifi=zandj=r+1forl<z<pn-2
-1, and
i=zandj=7r+3forl<z<p-3,
-2, ifi=randj=7r+2forl<z<pn-3,
0, otherwise.

for 7 > 5. Then we have the following Theorem.

Theorem 2. For n>5,

perG," ™ = M

n+3:

Proof. Let us consider matrix G,;"'Pa and the equation be hold for
n >5. Then we show that the equation holds for »+1. If we expand
the perG,g"'Pa by the Laplace expansion of permanent with respect
to the first row, then we obtain

perG,.;” =3perG,""™ — perG,';™ —2perG,'," — perG,’;* +2perG,’,*

Since
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perG,' ™ =M

n+31
M,Pa _ Pa
perGL " =M, 7,
M,Pa _ Pa
perG,.," =M, 7,

M,Pa _ Pa
perG, ;" =M,

and
perG'* =M
we easily obtain that perG,:"+‘1F’a =M 534. So the proof is complete.

Assume that H"* =, | is the 777 matrix, defined by

(n-1)th
\2
1 1 0]
H,?/I ,Pa -
0 G

_O -

for » > 5, then we have the following results:

Theorem 3. For > 5,
n+2
perH" " =>" M,
i=0

Proof. If we extend perG."" with respect to the first row, we write

M,Pa

M,Pa _ M, Pa
perH," ™ = perH "™ + perG,;
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Thus, by the results and an inductive argument, the proof is easily
seen. O

A matrix K is called convertible if there isan nxn (1,-1)-
matrix L such that perK =det(K=L), where K*L denotes the
Hadamard product of K and L.

Now we give relationships among the Mersenne-Padovan
numbers and the determinants of certain matrices which are obtained

by using the matrices F,"™, G)"™ and H)"™. Let 5, >5 and let R
be the 77x7 matrix, defined by

111

111

r=| T TH 1
11

I 1 1 -1 1

Corollary 1. For 5 > 5,

det(F)"™ «R)=M

n+4?

det(G)"™ *R) =M

n+3

and

n+2
det(H)"™+R) ="M/

i=0
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Proof. Since perFM™ = det(FﬂMPa * R) ,
perG)"™ =det(G)"**R) and perH™ =det(H)"**R) for

n >5 by Theorem 1., Theorem 2. and Theorem 3., we have the

conclusion.
O

Let K (K, K,,....k,) be a vxv companion matrix as follows:

kl k2 kv
K(kl,kz,...,kv):? 0 0

For more details on the companion type matrices, see (Lancaster &
Tismenetsky, 1985; Lidl & Niederreiter, 1986).

Theorem 4. (Chen and Louck (Chen & Louck, 1996)) The (i, j)

entry ki("})(kl,kz,...,kv) in the matrix K" (k;,k,,....k,) is given by
the following formula:

k_(”_)(k,k,,_,,k): Z tj+tj+1+---+tvxt1+...+tv K
e T A ety et )
)

where the summation is over nonnegative integers satisfying
t 42t -V, =n—i+], [tl+"'+tVJ:—(t1+"'+tv)! is a
t,...t, tl---t,)
multinomial coefficient, and the coefficients in (2) are defined to be
lifn=i-j.
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Then we can give other combinatorial representations than for
the Mersenne-Padovan numbers by the following Corollary.

Corollary 2. Let ana be the nth Mersenne-Padovan number for
n>4. Then

l.
MPe = (ti +t, +t +t, +t5j3t12ts (<1)2" (—2)"
(Lt ta e ts) LR SRR

where the summation is over nonnegative integers satisfying
L +2t,+3t, +4t, +5t, =n—4.

n

MF =L t. X[tl +t, +t, +t, +t5j311215 (~1)2" (~2)"
2 ot bt +h+1, +1 L8 PO A R /8

where the summation is over nonnegative integers satisfying

t, +2t, +3t, +4t, +5t, =n+1.

Proof. If we take i =5, j=1 for the case i.and i =4, j=5 for

the case ii. in Theorem 4., then we can directly see the conclusions

from (EX )" O

It is easy to see that the generating function of the Mersenne-
Padovan sequence {M} is as follows:

4

(x)= . (
q 1-3x+ X2+ 2x3 + x* —2x°’

0<3x—x?2—2x3 —x* +2x° <1)
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Now considering the function ¢ (X) , We can give an exponential

representation for the Mersenne-Padovan sequence by the following
Theorem.

Theorem 5. Let q(x) be generating function for the Mersenne-

Padovan sequence. The exponential representation for the
Mersenne-Padovan sequence is as follows:

0

q(x)=x*exp Z()f_)i(g_x_zxz —X3+2x4)i |

i=1 I
Proof. Since
X
In&) = —In(1—3x+ X2 +2x% +x* —2x5)
X

and
In(1—3x+x2+2x3+x4—2x5):—[x(3—x—2x2—x3+2x4)+
lx2(3—x—2x2—x3+2x4)2+
2
1. 2 U3 4\
“+?X (3—x—2x — X" +2X )

by a simple calculation, we obtain the conclusion.
O

Now we consider the sums of the Mersenne-Padovan numbers. Let

5, =M

i=0

for n>4 and let Qp; and (QM)" be the 6x6 matrix such that
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Pa

If we use induction on n, then we obtain

(

M n
Pa) -

218
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Sn+3
Sn+2
Sn+l
Sn
S

n-1
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CHAPTER XI

Parametric Version Of Modified Bernstein Operators

Emine GUVEN

The approximation theory developed under the leadership of
Karl Weierstrass is an important step towards a deep understanding
of the analysis of functions in mathematics. Weierstrass developed
this theory by addressing the problems that arose regarding
differentiable and continuous functions in the mid-19th century.

Approximation theory can be broadly defined as the field that
studies how closely a function can be imitated by another sequence
or series of functions. Addressing some particularly challenging
situations in mathematics, Weierstrass showed that a function could
be expressed as an infinite sum with a series of other functions. This
means that any function can be emulated to the desired precision,
despite the complexity of previously determined functions.

Approximation theory was developed because it is an
important tool in the mathematical world in efforts to understand the
complexity of a function and reach more general conclusions.
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Russian mathematician Sergei Natanovich Korovkin, who worked in
this field, made important contributions to this field. This theorem,
known as the Korovkin Theorem, defines the property of function
sequences to approach a certain class under certain conditions and
opens the door to many important results in this field.

One of the mathematicians who made significant contributions
to Korovkin's approximation theory is David Emmanuel Bernstein.
Bernstein defined a class of polynomials that was particularly
effective in the approximation of bounded functions and their
derivatives. These polynomials increase the applicability to
Korovkin's approximation theory by characterizing the general
behavior of functions and providing certain approximation
properties. Bernstein's works are considered important steps towards
building more firmly the foundations of Korovkin's approximation
theory in mathematical analysis. These works have been a source of
inspiration for many mathematicians in the fields of function theory
and approximation theory.

Parametric generalizations of operators within approximation
theory is a field that studies the parametric approximation of one
class of functions by another class of functions. These
generalizations attempt to understand the approximation properties
of a function in a broader context, usually by examining parametric
families of operators. These studies aim to develop new methods for
better approximation of functions in mathematical analysis and
applied mathematics.

Parametric generalizations of Bernstein operators are given in
[Chen et al., 2017]. Parametric generalizations of operators [Aral et
al., 2019], [Cai et al., 2018], [Cai et al., 2021], [Cal et al., 2022],
[Cekim et al., 2022], [Kadak et al., 2021], [Kajla et al., 2020],
[Mohiuddine et al., 2021], [Mohiuddine et al., 2020], [Ozger, 2019],
[Srivastava et al., 2019] and [ Srivastava et al., 2021].

In this study, the proof of the Korovkin type theorem will be
given by defining the parametric modified Bernstein operator for the
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modified Bernstein operator on the symmetric interval, which was
defined and studied by Izgi and Cilo in 2012.

Definition 1.1

te[-11]and f € C[-1,1],

Co(fs ) = 5530 (1) L+ %1 — £)17f (25 -1)
ey

is called the operator C,,(f; ©).

Definition 1.2

P = (1) A= T+ )"

Parametric generalization of the modified Bernstein operator for each
fec[-11],neNandz € [-1,1]

n
K
C () = ) pf (25 -1)
k=0 n
Wheren >1, 0<w <1, £+ € [-1,1] and

80]1/_0(43) =1-1, sﬂg)_/l)(t) =1+ tand

to be
1- - 1-— _
PII() = {(ZY,—_Z)(" . Ha+ o+ (2,,_1/) (Z_;) (1— 1)

+L(Na+ o0 - 0}a+ o1 - 1t n =2

and
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n!
0<kK<
(N ={G—rom @ "=F=T
0 , other

is. Here

(n_—ZZ) = (77_—12) =0

is.

(") =50 e (129 =500
itis clear that it is.

Lemma 1.1

Forevery f € C[-1,1],n € Nand # € [-1,1]

o(25-1) =1 (25 1) (1= 5) + (1)

So,

n-1
(i =0-1) g(2;-1)a- ot (T s o
k=0

+yif<2%— 1) - (T)a+ o
k=0
is.

Proof:

n
(i =Y {(12,7_-1” (" )a+ 0+ G20 )a- o

k=0
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to(Ma+ - ofa- o 1@+ s (zs -1)
1
- Z (121]_—1/) (T’ ; 2) a+H0a- t)TI—K—l(l + t)x_lf (2% _ 1)

X
1l
=]

(12,] Z)(z 2)(1 £) (1= )15 1(1 + )%~ 1f<2n—1)

+
M:.

X
1l
=]

+
NgE
3]~

(Ma+na-oa-om 11+ (2 % - 1)

X
Il
=]

~
—_

<

—

1]
M:
[V}

3
L

(TT A a- o orf (2 % = 1)

X
Il
=]

1-v)
2n-1

+
M:

(Z 2)(1 )1 + £) 1f(2n—1)

X
Il
=]

+
1<
N|~<

—(M)a -2 "(1+t)"f(25—1)
n
SN

+(1 - y)iz,, ca-or (TS a+ o 1f(2n—1)

a
]
o

)(1+t)"f(25— 1)

+)/Z—(1 ey ( (1+t)"f<25—1>

= (1- )’)(C1+Cz)+)/z—(1 e (D) a+ o (2,-1)
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( )(1+t)"f(25—1>

(K ;) (1+£)1f (2%— 1)

cqis zero forn = k, ¢,, is zero for k = 0. Let’s

¢ = Z ,11(1 e (1 )(1+t)”f(25—1>

( )(1+t)" 1f( . 1)

II
||M: ||

is getting.
Z L G [CR LA CLEY
-1
e (1 759) 0 Do sy (25-1)
and

C2

n
_ 2171_1 ;(1 e U [CE s (zs - 1)
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= 12(1 Fyn-re-t (Z: Ja +t)"f<2—— 1)
k=0
n—-1
=2"1_1KZ=O’7 (’7 )(1+t)'€f(2%1—1)
n—-1

o= (5o (- )

x (=6t (T 1) (@ + 2y

is found. Here if we write,

0(25-1) =1 (25 -1) (-5 +r (25 - 1)

then, it is called modified Bernstein operators parametric version

€y t)—(l—wzzn pa— ot (T ) s erg (28
=

n
+yzzln(1 — (D @+ 0%f (2%— 1).
k=0
Lemma 1.2
For €, (f; ©)
NeE,, (1) =1,

e, tt)=1
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nm-D+2y-1) , n+2(1-y)
n? YT

iii) €, , (t%t) =

Proof:

n-1

1 -
) €,y (1) = (1= 7) 2 S —om (T D a4 ey

+]/Z—(1 o () @+ )"

=1.

u)(g y(t ;L-)_(l y)zzn 1(1 i[,‘)77 K— 1( B )(1+t)1c ( ;
_1>

+y2—(1 ey (1+t)"f<2n—1)

={1-v) Z 2171—1 (1— ) r-1 (7] ; 1) (14 1)~
k=0

X f(2%—1)(1—n%)+f<2k;rl—1>nf1

+yzzin(1—/c)’7 (" )(1+t)"f<2;—1)

n-1

=1-v) z an_l (1—)nr-1 (77 ; 1) (14 1)"
k=0
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<[(25-1) (-5 + (5 - )]

+ yzn:zinu — ) () (1 + )" (2% - 1)
k=0

= —y)nZ:) - (1Y) (@ ey
(G (G M S st

+y2—(1 kad( (1+t)'c(7—1)

=1-v) z an_l (1—)nr-1 (77 ; 1) (1+ )"
k=0

x[2K77—2K—2K2—712+T]+7’]K+2K2+2K—T]K]
n(n -1

n
+y%Z k@ -0 (1) @+ e

k=0

n
- yzzinu — 6y (1) (1 + )"
k=0

2kn—n%+n
nn—1)

n—-1
=(1-7) ZO = (1Y) (e [
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U

+ V%Z k(1 —2)17" (77) (1+ )"

k=0

_VZ—(l )17 (1) (1 + £k

n@x—n+1)
n(n—1)

n-
=1-y) Z 2,71_1 (1 — ¢)nx-1 (77 ; 1) (1+ )" [

n
ZLZ 1-2)" "( )(1+t)'€— ¥

2K — n+1]

=a- V)Zzn 1 (1- 43)’7"1(77 1)(1+4&)'€[ -

n

g K= (e y

k=0

-1
=1-y) Z an_l (1— £)1x-1 (77 ; 1) (1+ £)~ [172%1 3 1]
K=0

n
2 "
1—2)1k 14 2)¢ —
+V277”Z,K( T o LT
K=

n-1
21 -7) -1 (N — 1 )
G kAo () ase

_(1 y)z(l t)n K— 1 (1+’l’)’€

2n-1
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n

2 |
+Vﬂzfc(1—t)" "( 77)' ,(1+t)"— Y

k=1

201 ) . (—) .
_(n—1)2nlz A= e T )

1 — |
_(277 T)Zﬂ £t (TI i)' (14 )"

+V_Z(1_¢-)77 K— 1 1)' |(1+t)K+1 %
2(1 -
B (7751)2):7)12(1_@77 “ ))' CETEHITTA

_(1_7/)2(1 ;L—)’lKl (77— 1! (1 + )%

2n-1 —1D'k!
+V_Z(1_,t-)77 K— 1 1)' |(1+t)'€+1 y
20-pA+Hm -1 e —2)! x
T -z Z(l O k= O

1-v) (n—1!
T 2(1 £)nk- 1 1),k,(lﬂ‘)"

21+ )0 s (=D .
+vy 21 kZO(l—t)” 1W(1+t) -y
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_20-p48),, L (A-n L 20 k00,
211 211 21

=1-NA+)-A-N+yQ+4) -y
=1-ypA+£t-D+yA+2-1)
=A-yt+yt

€, ()=t

is obtained.

iii) If €, ,, (t%; %) is calculated,

n-1
1 e -1 . K
(i,m,(tz;t) = (1—y)KZ=02n_1 (1—-1)" 1(77 . )(1+t) g(ZE

_1>

+yzn:2in(1 e (M) + t)"f(ZS— 1)
k=0

2n-1

<[5 () )

n
+yzzin(1 — ey (1) (1 + £)" (2%— 1)2
k=0

Here,

n-1
=-7) 20 G-t (T ) A ey
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2

Gr-1) (=55 + (551 75

4K? 4k K 4k? +8k+4 4k +4 k
= —————+1(1— )+ . - +1
n—1 n n n—1

n n2 7 n-1 2 n—-1
4k +4 kK 4 K

n n—-1 n-1

_4k2 4k . <4k2 4k 1> K +4K2+8K+4 K

4x? 4k
=———+1
n n
4k?  4i 4k +8k+4 4k +4
——t——1+ —
n n n n
1_
+ —
4x% 4k
n n
+[ 4-K2+4K +4K2+8K 4 4k
n® oo 2 nt n o7
1_
+ —
_4K2 4K+1+[8K+4 4] K
n% o n? n? nln-1
_4k*(n—1) 4xn(n—-1) 8k? 4k 4xn

“T0-D 72a-D ra-D ra-» 7a-D !

4K — 4i? — 4kn® + 4kn + 8k? + 4 — 4in) N

1
n?(n—1)
4K + 4ki® — 4xn® + 4xe
n?(n—1)
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_Ak*(n+1) —4k(n® - 1)

n?(n—1) t
4P+ 4k -DO+ 1D
R CEEY) n2(n—1)
_4k*(n+ 1) 4+ 1)
IR CEEY) n?
if we substitue in €, ,, (t%; %)
Gny(tz;’t) =
. MEIGESY

=@a- V)ZZW - (T Ao [ JeEEILE

_ 4(777; D K+ 1]

2

+yz (12 ( (1+t)k<f7i—:—"+1>

1)( 4(n+1) 2

-1 _
— _ _ —x-1(1 K
=(1-7) E i (L= (1) A0 ek

e A+ 1)
—(1—y)22,,1(1 L O L

+(1—y)22,71(1 ot (T a+ o

2

+y2—(1 ey (1”)an
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_A-nNa+DeH-2)A+6)*+20+ DA -y +4)
T}Z
20 -+ DO - DA +4)
nZ

N y—1DA+8)?2+2y(1+ 1)
n
_ A-pO+DMH-2)A+)*+[1--D2r+ DA -y)(A +2)
nZ
N Yy —Dn(1+£)* +2yn(1 + ) — 2y(1 + )n? +n?
nZ
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T]Z
N Yy —DOn(@+ )+ 2yn(1 + 1) — 2y(1 + £)n* +n?
TIZ
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N yn?(+ )2 —yn(1+ )% +2yn(1 + ) — 2y +£)n* +n?
nZ
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nZ
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N ynP(A+ )% —yn(A+ )2 +2yn(1+4) — 2y(1+ 60> +1n?
nZ
A=+ DH -2t A-y)n+DH-2)
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nZ

[(A=y)(* —n —2) +yn* —yn]t?
nZ
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[nz—n—2+2y]t2_n+2—2y
2 2

n n
- D+2(y—-1 +2(1 -
Cn’y(tz;t):n(n ) : 64 )tz_n (2 V)
n n
is obtained.
Lemma 1.3

The central moments of the operator (in,y(f; t) are as follows.
i)(f’n,y((t -£)%x) =1

i) €, (t—£,£) =0

—n—2+2 +2-2
i) €, (6 = £)%,6) = | = <2 -2 - Y

Proof:
i)(gn,y((t - t)o' t) = Gn,y(ly ) =1
i) Gn_y(t—t,t) =t—1=0

iii) €, ((t = £)%,1) = €, (t%, %) — 2¢t€, ,(t,1) +£* €, ,(1,%)

_n-D+2G6 -1 , n+20-v)

" " — 21t + 12
_n-D+26 -1, n+20-v)

n? n?
Cn-D+2(r-1) 12 n+2(1-y)
L

-n+2(y—1) n+2(1-vy)
€y (t—1)210) = |———— tz—n—z

is having.
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Theorem 1.1

f € €[-1,1],n € Nand £ € [-1,1]. In this case,

lim €ny (F: ) = £

T]—)(XJ

1y =9

Proof:
For f(t) = 1and f(t) = t the proof is clearly. Now, for f(t) = t2,

lim ”GYI,V(f; /t) - /tz ||C[—1,1] =

n—oo

lim max |(Z,7_y(t2;t)—t2|

n-o xe[-1,1]
. nn-1D+2(r-1) , n+2(1-y)
= lim max 5 te — 5
n—oo x€[—-1,1] n n
— #2
-1)+2(y—-1 +2(1 -
Ctim max 17D i -1 , 7 (2 N _ o
n—-oo x€[-1,1] n n

nn—-1+2(y—-1) n+2(1-vy)
200 ) t20-7)

= lim max [

n—-oo x€[-1,1] n
—n+2(y -1 +2(1-
= lim max [W £?2 + lim max w‘
n-o xe[-1,1] n n-oo xe[—1,1] n

=0
is getting. So, we have next form

lim 1€ny (i) _f(t)”c[—u] = 0.

n—oo

Conclusion

Firstly, important equations that will be used to examine the
operator's approximation results have been obtained. Then, the
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central moment of the operator was calculated. Finally, with the help
of Korovkin type theorem, it was shown that every function in space
can be approached with the defined operator. In fact, many different
features of the defined operator can be examined. For example
convexity, monotonicity of operators. In fact, many different
features of the defined operator can be examined. for example
convexity, monotonicity of operators. Using modulus of continuity
we could be calculated of rate of convergence and VVornovskaya type
theorem. On the other hand, with this operator, some special
sequences and polynomials can be selected and the approximation
can be shown visually and numerically.See(Yilmaz & Soykan,
2023), (Aktas, & Soykan, 2023). Also, we On the other hand, this
method we use can be applied to different operators in the literature.
For example: (Bilgin and Eren 2023), (Bozma and Bilgin, 2023).
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CHAPTER XIlI

Approximation with Gadjiev-lbragimov Operator on
a Mobile Interval

Gurel BOZMA!

INTRODUCTION

Studies in the field of approximation theory gained momentum
after Weierstrass, who proved the existence of a polynomial
converging to every continuous function defined in a finite interval,
and Bohman's study investigating the approximation conditions for
linear positive operators in the interval [0,1] and the field is largely
shaped by showing that in Korovkin’s study, it is shown that if the
conditions for the test functions are met, the convergence of the
operator will be obtained for all functions in space.

I PhD student Gurel BOZMA (in Zonguldak Bulent Ecevit University), Zonguldak
Governorate, 0000-0002-0916-5894
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After this important theorem of Korovkin, operators that could
be the application of the theorem were constructed and new
operators were designed by combining several operators by different
researchers and the field was developed rapidly. Here are a few
examples of these operators: (Bernstein, 1915), (Dogru, 1997),
(Coskun, 2011), (Gonul & Coskun, 2012, 2013), (Kaya & Gonul,
2013), (Deniz & Aral, 2015), (Acar, 2017), (Bilgin & Cetinkaya,
2018), (Gonul Bilgin & Ozgur, 2019), (Bilgin & Eren, 2021),
(Bozma & Bars, 2022) (Herdem & Buyukyazici, 2020).

The Gadjiev-Ibragimov operator, which is one of the preferred
operators in the studies in the literature, was first defined in
(Ibragimov & Gadjiev, 1970) and has been studied from different
perspectives by many researchers, especially the students trained by
Gadjiev.

In the study, the generalized Gadjiev-lbragimov operator,
which is well known in the literature, is modified to provide suitable
properties for test functions over a general interval whose limit is
variable-dependent. Important properties of the approximation to
continuous functions are introduced with a sequences of linear
positive operators defined on a mobile interval. Also, the rate of
convergent is calculated numerically by obtaining significant
equations for the defined our operators.

The approach speed was calculated with the help of the
continuity module by obtaining important equations for the operator.
The approximation results obtained with graphical and numerical
calculations have been put forward in practice.

METHOD

In this section, the operator to be studied will be defined and
important approximation properties will be given.
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Definition 2.1 Let ¢,, and g,, be sequences satisfying the
Pn $n

conditions lim g, = o, lim == =0 and lim n=
n—oo n-oo gn n-oo gntn+y
. +
1, lim R —

n-oo gptn+y

Let R, .(x) be a function that satisfies the following conditions

depending on the parameters e and n and let u,1p € R™.

nte
1-)Foralln e N,e € Nyand u < v, also for x € [0'n+¢]'
(_1)6Rn,e(x) =0,

2-) For every x € [Oﬁ

P (=Pn)®
Yie=o Rn,e(x) =1,

e!

3-)Forevery x € [O, %] there isan integer z such that the equality

Rn,e (x) = _ann+z,e—1 (x)1

will be satisfied and (n + z) € Nj. In this case, the operator, which

is a generalization of the Gadjiev-lbragimov operator, for every f €

o]
0 = Y f(ZEE ) 0

e=0

--250--



will be in the form. Obviously this operator is linear and positive.

n+u

Lemma 2. 1 Letf eC [0 ] The following equations are valid

for
= e+n+u (—dp)°
Z (gn+n+1/)) R (x) el
)L,(Lx) =1,
)L, (h, x) = — P Rty

gn+n+1,l) gn+n+1,b

(pn)?n(n + z) 2 (2n +p) + ne,

iii) L, (h?% x) = (g n+n+l/1)2 (Gn +n+P)?

(n + p)?
(Gn +n+ )%

Proof According to the 2nd property of the operator, since

ZRn,e(x) (_Z)In) =1
e=0

obviously

. " (pn)®
Ln(1,2) = B&o Rye(x) =22 = 1
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is found. Using the 3rd property of the operator; Since (n + z) € N,

o

1 = ) (S R

Z(gn+n+¢) Rpe(x )( d)”)e

e=1

;;(;%%%E)nA)(¢”e

_|_

(_(pn)e
(e — 1!

NgE

(m) Rn,e (x)

I
iy

e

+;(gn1:ﬁ-lp> Rye(x )( ¢")e

D

e=1

- ( ¢n)e ‘I’l-|—‘u
_ mZRMM i )(e 1)'+gn+n+¢

o, nt
(e—=1!  gptn+y

- mz( ¢H)Rn+ze 1( )
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= (‘%T:_d)—;j_lp) ;) Rnize (x)

n+u
+—
gntn+y

_ ngpx n+u
_gn+n+1/) gn+n+Y

equality is reached. Similarly

[oe)

e=0

_ i<62+2e(n+,u)+(n+

(_(»bn)e

el

[e—»>e+1)(n+2) € N]

(_d)n)e

Rn,e (x) e 1

.u)z (_¢n)e

(gn + 1+ )2

e=0

>

e2
<(gn Fn+ W) fre )

(]
o

el

) Ry e ()

(_¢n)e

el

(n + p)?
<(gn T ¢)2> Rne (x)

= e(e—1)
-2, ((gn Tt ¢)2> Rrne(x)

[ 2e(n+p) (—Pn)°
+2 <(gn +n+ zp)2> R e(x) e!

(_¢n)e

e!

(_¢n)e

el
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+Z < 2(n + p) >Rn,e(x) (=¢n)®

(gn +n+9)? (e — D!

+Z< b >ne()( bn)°

i \(gn tn+1h)?
=i< On” ) (S
Li\(gn +n+9)2) ™ (e~ D)
1 no,x
+(gn+n+1/))(gn+n+1/))
o (2(n + p) (—nx) (=) (n+p)?
+;<(gn+n+¢)2>R’”“ =D T Gty

B i dn°n(n + z)x? ° @ (=) 2
S L\ (gntnty)? ) TR (e - 2)

o) G ew)

gn+n+y
O (2(n + @) anx (=)t (n+w)?
+; <(gn +n+ ¢)2> Frsae 10D DT * Gon 4 n+ 917
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- C ($n’n(n + 2)x° (=¢n)°
La(h2,x) = Z<(gn+n+ ¢)2>Rn+2z,e(x) =
e=0

* (gn +11 + 1/)) (gn r_ll_d):i 1/))

> (2(n + p)pnx (—¢n)°  (n+p)?
3 ((gn Tt ¢)2> B C) o+ (gn 4 )2

e=0

_ ¢n2n(n + z)x? ne,x 2(n + w)p,nx
C ntn P2 (G tn+ P2 (ga+n+)?

(n + p)?
(gn +n+ 1/))2
_ $'n(ntz) , m6nCe+w+D) |
~ (Gn +n+YP)? (gn + 1+ )2 (gn + 1+ )2

using (n + z) € Ny and (n + 23) € N,

(pn)?n(n + z) 2 Q2+ p) + Dne,
(gn + 1+ )2 (gn +n+ )2

Zn(hZ; X) =

(n + p)?
(gn +n+ )2

is found. This completes the proof.

Theorem 2.1 Let
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Then, forall f € C[ M] ,

n+y
Yim 12 (f,) = G| o) = 0.

Proof It is sufficient to clearly show that the conditions of the
Korovkin’s Theorem are satisfied. According to Lemma 2.1, since

the equation

|L,(1,x) —1| =

Yie=o Rn,e(x)(_(z_!n)e - 1| =0
is valid, according to the norm definition in C [O, %] ;
lim [|Z, (1, x) — 1||C[O’%] =0.

is found. Similarly since the equality

| (h,x) — x| =

no,x n+u |
- X
gntn+yv gp+n+y

(1)
gn+tn+yY gn+tn+y

is valid. For x € [Oﬁ] and lim P

n—-oo gpt+n+y

n = 1, the inequality
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max |L (h, x)—x|

X € Om
| ( bn ) n+u
= max |(x|——n—-1)+——
xelorrs) " \gn +n+ 9 Gntnti
n+u bn n+p
q pe| A
n+yllg,+n+y gn+tn+y

can be written. If the limit of both sides is taken

A CRCRE

no, . _
< lim im |——————-1|+ lim |——————| =
T nown+ Yl nowo |g, +n+ Y n-w|g, +n+YP
and

Tlli_g)lo”zn(h, x) — x”c[o,%] =0.
is found. Finally

rlli_l;Igo”Zn(hz,X) - x2||c[0‘%] =0
will be shown.

|Zn(h2,x) — x2|

_ |(p)?*n(n + z) 2+ w + Dng,
“ g Fnr 2" (gn t n+ )2
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m+w*
(Gn +n+9)?

x2 ((gn-l-(p—rrll+l,l))2 nn+z) — 1)

N Q2+ w) + Dng, N (n + p)?
T gntn+9)? (gn + 1 +9)?

and then

max _|L,(h? x) — x?|
xe|omrp

2

x? ((gn-l—d)—;+1/}> nn+3z) — 1)

2+ w + Dng, (n + w?
+x< (g + 1+ )2 >+ (g + 1+ )2

= (Z:ll/i)z ((gn +¢: + 1/;)2 n(n+2) - 1)‘

N (n +,u> Qn+uw+ Dng,
n+y (gn t 1+ )2

max
n+u
n+y

XE[O

(n+ p)?
(Gn +n+ )2

is found. Since the definitions of (¢,,), (g») andusing (n + z) € N
2

i (o) no+ 9
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_ Pn Pn _
= Jin () i () (9 =

i (0t ) + Dng,

ng{}o( (gn + 1+ 9)?

= lim (2(n +p) +1) lim <—n¢n ) =
S\ (gntnty) Jroo\gytntp)
equations are valid. So

. 72 2
i 087,20 = 2] g,

<t (55) ((Gratesg) oo -1)

<n+u) 2+ w) + Dng, i (n + w?
nt+9/\ " (gn+n+ )2 noe (gn + 1+ )2

+ lim

n—>oo
Since the inequality is valid

: T 2 A2 —
%g?o”l'”(h ,X) — X ”c[o,%] =0

will be shown. Then, since all the conditions of Korovkin's Theorem

n+u]

are valid, forevery f € C [0, "

lim || L, (f, %) = f(X)||C[O'%] =0

is achieved.
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RESULTS
In this section, to analyze the results of the method is shown in this

study, the approximation rate of the generalized Gadjiev Ibragimov

operator in the space of continuous functions on [Oﬁ] will be
calculated with the help of the modulus of continuity. First of all, the
definition of modulus of continuity will be reminded.

LetK = [O ] for all f € C(K),& > 0 modulus of continuity of

function f as defined

w(f,6) = tsu|p If (&) — fI.
XEK

Here, the following known features of the modulus of continuity will

be used.
Let f € C(K).

i) Letd = 0. w(f,d) is a monotonically increasing function with

respectto 6.

ii) For all f € C(K), }Si%w(f, §) =0.

iii) For > 0, w(f,28) < (1 + Da(f, 5).

iv) Letx,t € B and forall f € C(K),
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[ﬂw_fﬁﬂﬁaﬂﬂ®<1+n;x»

Theorem 3.1 Let f € C(K) and (¢,,), (gn) be sequences defined in
Definition 2.1. In this case, for n is large enough and D is a constant

where independent from (¢,,), (g);

”Z’Tl(fl x) — f(x)”C[O n+y]

| ¢n L 2%n
SDw(f,\/(nm—l) +mz+5>.

Proof

Using
L. (f, %) = F(0)] < L (IF @®) = FOO1, ),
we get

+n+u
gn+tn+y

(- ¢n)e

Ea(f0) = )] < Z|f( ) - £

ne( )

Ifh = &ﬂ;is selected in properties of modulus of continuity; for

gntn+

all 6, >0
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e+n+u

(28 - o < a1+ B

Intn+y

is written. Using linearity and positivity, it is found as

|Zn(f' X) - f(x)l

0 e-:_n-:_;fp_x| - ¢)e

E gn TN n
< w(f,6p)| 1+ Rye(x) ———

e=0 Sn

Ry (x )( ¢")e + 1}

ol Y| () -

Here, if M is defined as

N e R L
oo L !
(G ) e =0
l"e( & ¢n) l/

From the Cauchy Schwarz inequality, it can be written as
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Rpe(x)

2 (_¢n)e]
e!

ws[} [ -

(_¢n)e 1z
x e! l

Rye(x)

- o 61/2
Dl o maw B

Therefore, since

L. (f, %) — £ ()|

1
2 e /2
e+n+pu (=)
el Ry e (x) — = ] + 1}

1 )
< o(f,5) {g |22,
here using

2 2
etntp | _ [ etn+pu _ e+n+u 2
((gn+n+¢) x) - (gn+n+1,b) 2x (gn+n+1p) X5

L0 = F | < f, ) {2 [Ee0 (E2) R, o () S22

Inin+y

o)

) () P
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+1

%) 1/2
+x? Z R, .(x (=¢n)°
e=0

= w(f,5y) {SL (Zn(hz,x) —2xL,(h,x) +x%L,(1, x))l/2 + 1}

inequality is written. For x € [0 e If

L,(h? x),L,,(h,x),[,(1,x) are written in this mequality.

Considering definition of (¢,,), (g,), for n large enough +w <
Pn 2un(py)? 4u 4u
g—n+n+wn <2 and using Gty < gt v and
n(¢n)? 2

2
(gn+n+i)? Intn+y < n+y we get

|Ln(f, ) = f ()]

< w(f, Sn){ (L (h?,x) — 2xL,(h,x) + x%L,(1, x)) /2 }

2
Sw(f,c?n){ [n+u p +¢1:+l/)> n(n + z)

n+zp +n +Y)? (gn + 1+ )2

n+u ((2(n+u)+1)n¢n>+ (n + p)?
(

(n+u

n+y <gn+n"+lp<::$)+gn7i;’i¢)
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(]

= w(f,6) {61 IC: 1/;)2 <<g - 1,0)211(11 +2)

n
Pn +1)
gn+tn+y

(n+M> 2+ + Dng, 2 ntu
* n+w< (gn +n+9)2 9n+"+¢>

* (gr:ﬁ Jlm ' 1}
2 2
o0 (5 () 2 ey +)

2

2
() ()

1 Q2+ w + Deyn ,_ MHH
+(n+#)< (Gn +n+P)2 gn+n+¢>/

n+y

n+pu 2)1/2
_|_( ) +1
gnt+n+y
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2 2
= (.8 {% [(Z:f;) ((g 1)

1 2n2¢, 2ungy, ney,
+(u)<<gn+n+w>2 T Gn 0 (gn )
n+y

2n 21 >+< n+u )21/2+1
gntn+y g, +n+yY gn+tn+y

B (Z I fZ) bn ? Pn
< w(f,8,) 5 [( 1) +2

"ot ntw ghtntw’
1/2
1 4u 4 n+u )2 l
T 1
+("+H)(n+¢+n+¢)+<gn+n+lp *
n+y )

Then, with selection

--266--



¢n ’ 2¢
Op: = ( — o 1) +————2z+5
" jngn+n+¢ gn+n+1/JZ
for independent constant D from n, we have

L. (f, 0 = £

n+u

C[O’m]

Pn 2 26,
<D ; ( ——1) +—+——27+5
@ fjngn+n+¢ gn+n+1,bz

It has been shown by this theorem that the rate of approximation is

2
\/(nL - 1) + &z + 5 and this rate can be increased
gntn+y gntn+y

according to the selection of ¢,, and g,,.

Lemma 3.1 The first three central moments for the defined Gadjiev

Ibragimov type operator are as follows

i) no(x) =1,

H _ Pn _ n+u
D) (pn'l(x) =X [n Gn+n+y 1] + Intn+yp’

_ ((Pn)Pn(n+z) nen 2 2m+w)+ng,
”I) Pn,2 (x) - ( (gnt+n+)? 2 gntn+y + 1) x°+ ( (gn+n+)?

_zgﬁggg)x.+(afgéa)?
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Proof.
) @no() =L,((h—x)°x) =L,(1L,x) =1
i) @n1(x) = Ly(th —x,x) = L (h,x) — xL,(1,x)

nen n+u
gn+tn+y gn+n+y

iii) @, (x) = L, ((h — x)?,x)

=L, (h% x) — 2xL,(h,x) + x*L,,(1,x)

_(p)?n(n + 2) 2 @@+ + Dndy ) (n+ p)?
~ (gn+n+1h)? (gn + 1+ )2 (gn +n+ )2

n n+
—2x< Pn x + a )+x2
gn+tn+y gntn+y

_ ((@n)?*n(n + z) ney,
- <(gn+n+¢)2 _2gn+n+w+1>x2

Q2+ + Dng, n+u (n + w)?
< (Gntn+9)2 gn+n+¢>x (gn +n+ )%

Definition 3.2 Let P € ]0,1[, functions that satisfy the condition

If @) = f)| < Nt —x|?
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are called Lipschitz class functions. N is called the Lipschitz

constant. The class of Lipschitz functions is denoted by f €

Lipy (P C [0 nre )

Theorem 3.2 Letx € [ ] For bounded f defined on R, f €
. n+u
Lipy (P.C [o,m )and 0 < P < 1. Then

P

|Ln(f, %) — f(X)|<PN(( Pn —1)2+ 20 z+5)

Intn+y Intn+y

Proof

Let f € Lipy(P). Using modulus of continuity we get w(f,d) <
N&F. From Theorem 3.1

|L.(f, x) — f ()]

Pn L 2
<polf, [t 1) e
@ f\[ngn+n+1/) -I_gn+n+1/)Z+

¢ 2 29 o
< PN (n—n—l) +— 745
gn+tn+Y gn+tn+y

is written. This completes the proof.
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Example 3.1 Below is the graph of the approximation of the function
f(x) = x? (dark blue) with the operator L,,(f,x) in Fig.1. Here
(¢n) =1, (gn) =n*, p =3, P = 5,Ls(f,x) with red, L;,(f,x)
with black, L;,(f, x)with cyan, L,5(f, x) with magenta drawing is

made.

0.06 1

0.04 1

0.02

0 0.001 0.002 0.003 0.004 0.005 0.006
X

Fig.1. Graph of approximation to function f

Example 3.2 Below is the graph of the approximation of the function
f(x) = x? (blue) with the operator L, (f, x) in Fig.2. Here (¢,,) =
n, (gn) =n%, u=2, Y =10, Ls(f,x) with red, L,,(f,x) with
black, L,,(f, x)with cyan, L,5(f, x) with magenta drawing is made.
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0.06
¥
0.04
0.02-
5 .-M’M‘M
._-_MM‘M
0 0.001 0.002 0.003 0.004 0.005 0.006

Fig.2. Graph of approximation to function f
Example 3.3 Below is the graph of the approximation of the function

f(x) = 5x2 (blue) with the operator L, (f, x) in Fig.3. Here (¢,,) =
1, (g =n,u=1, Y =14L(f,x) with red, Ls(f,x) with

black, L, (f, x)with cyan, L,s(f, x) with magenta drawing is made.

o 0.001 0.002 0.003 0.004 0.005 0.006

b3

Fig.3 Graph of approximation to function f
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Example 3.4 Below is the graph of the approximation of the function
f(x) = 5x? (blue) with the operator L, (f, x) in Fig.4. Here (¢,)) =
1, (gn) =n, u =2,y = 3,L;(f, x) with red, Ls(f, x) with black,

L1o(f, x)with cyan, L;s(f, x) with magenta drawing is made.

o 0.001 0.002 0.003 0.004 0.005 0.006

X

Fig.4 graph of approximation to function f
Example 3.5

Below is the table for the rate of convergence to the function f(x) =

5¢(**+1) with the operator L, (f, x).
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Table 1. The error bound of function f(x) = 5e(**+1) for (Pn) =

1, (gn) = n.

0.2025819086 108
0.1440999653108
0.1383000757108
0.1377214965108
0.1376636543108
0.1376578700108

0.1376572929108

0.1376572340108

0.1376572294108

Example 3.6

Below is the table for the rate of convergence to the function f(x) =

x%+1
3ex+1

with the operator L, (f, x).
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Table 2. The error bound of function f(x) = ;::1 for (¢,) =1,
(gn) =n.
n Error calculation of approximation to the function with
G(f,x)

0.9267182048
102 0.9051598220
103 0.9025763898
10* 0.9023129756
105 0.9022865822
106 0.9022839432
107 0.9022836790
108 0.9022836524
10° 0.9022836504

CONCLUSIONS

In our study, where important approximation features were
obtained, the selection of the moving range increased the usability
of our operator for researches where it was insufficient to deal with
a fixed interval. This study, which includes the generalization of
some previously defined operators, includes the range limits
associated with the establishment of the operator and the changing
and generalizing approach features accordingly. For example
(Bozma and Bars, 2022) and (Bilgin and Bars, 2022). Since it does
not contain derivative expressions as in the classical Gadjiev-
Ibragimov operator, important properties related to the operator can
be obtained by using only continuous functions and the properties of
the sum formula. The described operator is a preferable tool for
researchers looking for a suitable operator for daily life problems.
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CHAPTER XllI

Rough Statistical Convergence For Triple Difference
Sequences In Neutrosophic Normed Spaces

Nazmiye GONUL BILGIN

1.INTRODUCTION

We have tried to cope with uncertainties at many stages of our
lives. In addition to situations of truth and falsehood, we frequently
encounter situations involving uncertainty, doubt and indecision. It
is not easy to say for sure whether some objects are inside or outside
a category. In such cases, we can overcome the situation by using
partial or gradual membership. All these concepts revealed
neutrosophic philosophy, which is considered a newly location of
philosophy. On the other hand, the Neutrosophic concept, which was
transferred to these fields due to the classical concept of probability
being insufficient for mathematics and statistics, took the studies in
the field of mathematics one step further. In fact, the concepts of
fuzzy and intuitionistic are naturally included in the definition of
neutrosophic. After Cantor's set system, was generalized first with
fuzzy sets by Zadeh and then with intuitionistic sets by Atanassov, a
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generalization was made as neutrosophic sets by Smarandache. You
can refer to the sources (Kausar et. al, 2023), (Bilgin and Bozma,
2020) for studies on fuzzy and (for studies on intuitionistic fuzzy sets
Bilgin, and Bozma, 2021), (Malik and Akram, 2018). Statistical
convergence on neutrosophic normed space was first introduced by
(Kirisci and Simsek, 2020). Very soon after (Granados and Dhital,
2021) Neutrosophic statistical convergence is defined using double-
indexed sequences in normed space. Neutrosophic triple normed
space is presented by (Sahin and Kargin, 2017). Then, many kinds
of convergence were transferred to Neutrosophic normed space.
Since the subject of convergence has an important place in both
mathematics and daily life problems, a lot of studies have been
carried out since 2017 on the types of convergence on neutrosophic
normed spaces. One is rough convergence.

This type of convergence, which is thought to be helpful in
checking the accuracy of numerical analysis and computer
programming solutions and thus has the possibility of being applied
in daily life, has taken its place in the literature with the studies
carried out by (Phu, 2001) for normed spaces (finite dimensional).
Later, this type of convergence was combined with the statistical
type of convergence by Aytar, who has studies containing important
evaluations about rough convergence from different perspectives.
e.g. (Aytar, 2008), (Olmez and Aytar, 2021).

Rough statistical convergence is given for
difference sequences in (Demir and Gumus, 2022). On the other
hand, Rough statistical convergence of triplet sequences is given in
(Debnath and Subramanian, 2017). In (Kisi and Gurdal, 2021),
statistical convergence is defined of triplet difference sequences on
neutrosophic normed space. Rough statistical convergence is studied
using tripled sequences on neutrosophic normed spaces in (Bilgin,
2022).

After combining the notion of rough convergence of triplet
sequences with statistical convergence theory, now, the definition
of rough statistical convergence of triplet difference sequences on
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neutrosophic normed space was established to complete the
corresponding blank in the published.

2. PRIOR INFORMATION
(t,,) is named to be statistically convergent to ¢ if for all € > 0,
S{neN:|t, —t| =¢€}) =0.

Here, the three-dimensional version of natural density is given (see
e.g Sahiner et all, 2007) as:

D < N x N x N isnamed having a natural density &5 (D), here
D ) )
5;(D) = lim M
$.,G, >0 rar

exists. Here, |D(p, g, )| demonstrate the numbers of (7, 7,, 13)
in ® where, p > n4,q9 = n, and » = ns.

(Sahiner et all, 2007) gave statistical convergence of triple sequence.
(Zy,n,n,) is Named to be statistical convergent to z if for every & >
0,

83({(ny, my,m3) ENXNXN: |2, 0 0, — 2| = €}) = 0.

Then, itisshownby st —  lim 7z, , ,. =Z

Mn1,M2,MN3>0

Let us recall the definition given by (Debnath and Subramanian,
2017).

(Zpyn,n,) is called to be rough convergent to Z is shown by

’ r

Znyngng _, 2 such that for every € > 0,3 ny € N: nq,n,, 13 = n,
then |Z,, p,n, — 2| <t+e.

The rough limit set of (Z,,,,.,) IS demonstrated with
LAy pon, = {i:zwzn; z} It can be easily seen that rough
limit set is not unique.
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Let us recall some necessary information about the neutrosophic
normed space. Let X # @, o (t), #,,(t) and 2,(t) are the degrees of

truth, falsity and uncertainty. We defined a neutrosophic set X as:
Forall t in X; o (t), 2, (t) and 24(¢) € [0,1],

X ={(t, 00 (0, 2,0, 3(0)) :t €X},0 < 0,(6) + 2, (1) +
2%(t) < 2.

Here, it must be pointed out that, »,(t) is an independent
component, o,(t) and 23,(t) are dependent components.
(Smarandache, 1998).

Now, we remember definition of Neutrosophic Normed spaces given in
(Kirisci and Simsek, 2020).

Let X be a linear spaces, x and ¢ demonstrate the continuous
t—norm and continuous t— conorm on R . The notation of
Neutrosophic Normed is
{((t,0), 4(t,0), 2, (t,0),27(t,0)): (t,0) € XX (0,0)}. Here o,
n, and 2y shown the degree of correctness, uncertainty and falsity
of (t,0) on X x (0, co) fulfills the below criteria: For each t,, t, € X,

i. Forevery o € R™ o4 (t,0) + 3, (t,0) + 26 (t,0) < 2,

ii. For every n;,0, € R,

ot (t1,01) *x 04 (t3,05) < 0 (tg + t3, 01 + 03),

1y (t1,01) 030, (2, 0,) = 30, (1 + 3,01 + 0y),

2¢(t1,01) © 2p(tp,05) = 2p(tg + tp, 01 + 03).

iii. For everype R*, 04(t,0) =1 o t=0, x,(t,p) =0 &t =0,
2%(t,o)=0 =t=0,

; — X — >
iv. For each u # 0, o, (uo,p) = o4 (o, Iul)’ u,(uo,p) = x, (o, Iul)

— R
and 2¢(uo,p) = ¢ (o, Iul)'
v. x,(0,’) and 2¢(o,") are continuous non-increasing function and

o (0,7) is continuous non-decreasing function,
vi. lim o4 (o,p) = 1, lim 3,(o,p) = 0 and lim (o, p) = 0.
S—00 S—00 S—00
--280--



vii. If s < 0, 04(0,p) = 0, 5,(0,p) = 1 and 2¢(o,p) = 1.

So, (X, ¢, 7y, 2f,%,) is named Neutrosophic Normed Spaces. Here
o and »,, are interdependent and 2 is an independent components.

Let (X,045,32, o) be a Neutrosophic Normed Spaces,
(Zyp,n,n,) be a triple sequences. (Z,,,,,) is named to be rough
convergent to Z for some r € R* such that each £ > 0, there exits a
no € N and y € (0,1):for every n,,n,, 13 = ng if 04(2p,0,n, —
Zr+e)>1-v, ny(Znnn, —or+¢e) <y and I (Zpnyn, —
2z,T+¢€) <y. Then, it is denote with r —, ™ 2, . n, =%
(Bilgin, 2022).

Let (Zu,n,n,) be a triple sequences in (X, oy, 5,3s, %0) .
(2n1n2n3) is called to be rough statistically convergent to z for
some r € [0,00) such thatall e > 0 andy € (0,1) where

53( {(4@1,%2,4’13) € N XN xN: o’t(inlnzng - 2, T+ 8)
<l-yor Hu(in1n2n3 —-7,r+ s)
>y and A(Zy pyn, — VI + ) =v}) = 0.

Afterwards, it is indicated by st —1—, ™ o Zninyn, = 2
(Bilgin, 2022).

For r = 0, rough statistical convergence consistent matching the
statistical convergence on (X, 04 My, Ay, *,o). Let rough statistical
limit set of (Z,,, ., ., ) is denoted with;

’ _ an llm e o
St—r— LIM(znlnsz ={zst—r = T o0 Ly = z}.

3. MAIN RESULT

Definition 3.1 Let (x, Op Mo 2f *,o) be a Neutrosophic Normed
Spaces, (Zy,n,n,) be a triple sequences. (Z,,,,,,,) is named to be
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rough A-convergent to Z for some r € R* such that each & >
0, there exits any, € N and y € (0,1):for every n,, n,, n3 = n, if
o (Ainm%3 —7,r+ s) >1—y |, uy (Ainm%3 —7,r+ e) <Y,

Df(A —i,r+e)<y.

in1n2n3
for all ny, n,, n3 > ny, where n,,n,, 15 €N,

Lpingnz inlnz/n3 - inl(/n,2+1)/n3 - 2ﬂn,l/n,z(ﬂn3+1) +
inl(n2+1)(n3+1) - 2(n1+1)/n2/n,3
FZ(n, 4D (ny+ g T Zing+Dny(na+1) — Zing+1)(ny+1) (ng+1)-

In this case, it is denote with r —,, 1™ . A =7

Zningng

Definition 3.2 Let (Z,,,,.,) be a triple sequences in (X, o, ,, 3,
%,9). (Zn,n,m, ) is called to be rough statistically convergent to z for
some r € [0,00) such thateach ¢ > 0 and y € (0,1) if

53( {(%1,%2,4’L3) €N XN X N: O’t(inlnzng - 2, r+ E)
<l-vyor %u(znl/nzn3 -7, + e)

>y and Jf(2n1n2n3 —7,T+¢) = )/}) =0

for all ny, n,, 73 = ny, Where n,,7n,, 75 € N,

Zpyngng Zningng ~ Lny(ny+Dnz — Zngny(nz+1) +
Z/n,l(n2+1)(n3+1) - Z(/n1+1)n2n3
tTZ(14n)1+n)ns T ZA+n)n,(na+1) — Z(1+1,)(1+7,) (ng+1)-

Then, it is denote with 52 —r —,, '™, A = 7.

Zninang
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For r = 0, rough statistical convergence in accordance to statistical
convergence on (x, O My, Ay, *,o). Let rough statistical limit set of

(Ai ) is denoted with;
N1NN3

st—r—LM (b, )={zst—r—p M by, =1}

Definition 3.3 Let (X, o, 2,3, %) be a Neutrosophic Normed
Spaces, (Z,,n,n,) be a triple sequences. (Z,,,,.,) is named to be
rough statistically bounded for some r € R* such that each ¢ >
0 and y € (0,1) if there exists a T > 0 such that

O3 ({(%1,%2,%3) ENXNXN:0oy (Aznln2n3,T)
<l-yorx, (Ain1n2n3'T) >y and
3 (Bt g T 27D =0
where B nyns= Lnangng = Zny(ng+Dns ~ Znyny(ng+) T
Zpi(ny+1)(mgz+1) — Z(ni+1)nyng

FZ(n, +1)(np+ Dns T Zing+Dny(ns+1) — Zing+1)(ny+1) (na+1)-

Now, using these descriptions, the next significant theorems for
triple sequences in Neutrosophic normed spaces can be proved.

Lemma 3.1 Let (X,at,%u,:lf, *,o) be a Neutrosophic Normed
Spaces, For a triple sequences (Z,n,) and somer > 0, if St —r —

LIM (Ainlnzng) # @ then (%, n,n,) is rough bounded sequnces in
(JC, O My, Af, *,0).

Proof Let (Znno) be a triple sequences in (X, oy, ,, s, *°) and
some >0, §t —r — LIM (Ainmm) # @. Then there exists Z and
€St —r—LIM(A
written

3). Forall e>0and 0<y<1,itis

Zpingn
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355 ({(fnl,/nz,/ng) ENXNXN:o, (Ain1n2n3 -Z,r+ e)

Sl—yor%u(A' —Z]I‘+€)2V

Zninyng

and ¢ (A —7, T+8&) > y}) =0.
SO, (Zn,nyn,) is statistically bounded in (X, oy, %, 2, *,0).

Znynyng

Lemma 3.2 Let (X, 0y, 3, %°) be a Neutrosophic Normed
Spaces, (Zn,n,n,) be a triple sequences. If (Z,,4,x,) is rough
bounded sequnces in (JC, O M 3, *,o) then, for some r > 0, if
St—r—LIM(8;, )#0.

Zy 1nan3

Proof (Z,,,,.,) be a triple sequences in (X, o, 3,3, *9) and
(Zp,n,n,) is bounded sequnces. For each ¢ >0, y € (0,1) and
some r = 0 there exists a 7 > 0 such that

853 ({(ﬂl,/l’bz,’l’bg) € NxN X N:o, (Ainmng’T)
<1-yoru(bs,, .. T) =y

and 3 (B, .. T) =¥} =0.

Let a set of the form

M= {(/nl,nz,fn3) ENXNxN:o, (Ainlnzng'T) <1-

yorx, (Ainlnzng'T) >y

and 2 (Azn niyns’ T) > y}
is defined. For (nq,7,,73) € ME, it is written o, (Azn1n2n3'7) >
1—y and s, ( gy ,T) <7 (Ain1n2n3’g—') < y. Furthermore,

Oy (Aznmn ,r+T ) >1—vy and My (A%nzng’ r+7T ) <

v, 3 (A; r+7)<y

Znynyng’
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So OES/t'—]I‘—LIM(A Hence St—r—

LM (n;, ) #0.

Zninang )

In the next part, some topological characteristics of the set of §¢ —
r— LIM (Azn nm) will be examined.

Theorem 3.1 Let (A%%m) is a triple sequences in (JC, O My A, *
) then St — r — LIM (Ainlnm) is closed sets.

Proof It's simple to demonstrate that S — r — LIM (A%WLS) =0,
s0 let St—r—LIM (A,

Znynang

) # @. Then, choosing a triple
sequences (Z,, n,n,) and 0 <y’, where yoy >y’ 1 -y’ < (1 —
y)»(1—y)andst —r—, ", By = 2 1L Will be shown
thatz € St —r — LIM (Azn npis ) Let € > 0 and we use definition;
there exists a ny € N such that for n,,7,, 3 = ny,

, & s

o, (A%nm —3, 5) >S1-y , (Aznmn3 -3, 5) <y and
;s &

Df (Ai”fﬂz“s —Z 5) <V

If choosing Zm'nlo' € St —T — LIM (A%MM) where
7y, 1,, 75 > ng such that

&
8 ({(n1,mz,m3) € Nx N xN:oy (1 — Dy o T+7)

Zninyng Ly rigriz’ 3

<1l-—yorx, (Ain1n2n3 - Aiﬁlﬂ'zn‘é’ T+ §) =y

r+z) =) =0

nynyng Ai"iiﬁzﬂé ’ 3

and ¢ (A
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For (a,b,¢) € {(n1,12,13) € N X NxN:o; (A%nm -

& &

iy T + 5) >1-yorn (Ai% ngng ~ “lriysipriz’ r+ 5) <
y and 2 (Ain1n2n3 - Azn1n2n3 r+ ) < y}.
Furthermore,

1-y' <(U-P*0-p) <o (b, . ~5T+
s)and}zu(Aiabc—z, r+e)<yoy <y’
A (Znynyn; — 2T +€) <y oy <y.So,
(a,b,c) € {(/nl,fnz,/n3) ENXN xN:o, (Ain1n2n3 —7,I+ S)

>1—yor
ny (Ain1n2n3 —-7,r+ s) <yand2f (Azn gy —-7,T+ e) <y}. Then,
€

{((rmgms) € NXN XNy (8, =By T+ )

>1-y,
A A -
”u( nyngng — Dlyipsigriyr L + 5)
€
<yand2lf (Ainwzm - Ai%vi'zﬂg’ r+ 5) <y}
3 €
c {(%1,%2,’?L3) ENXNXN: ¢, (Ain1n2n3 -7+ §)
>1—y,u, (A'

Znynyng

£

-y, I+ 5) <y
i £

and 2 (Ainlnzﬂ3 -7, I+ §) <yl

Then,

&3 {(/nl,nz,/ng) €ENXN X N:o, (Ain1n2n3 -7, + s) <1-

y or

ny (Ainrﬂzn -7, T+ e) >y and 2 (AZ41 gy -7,r+ s) >y}
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< 83 {(n1,my,m3) EN XN X N: 0, (Aimm Dy T 5)
<l-yor

A A -
Hu ( tnyngng — Daiyrigriy T + §)
€
=y and Jf (Ain1n2n3 - Aiﬂﬂfzﬂg' r+ g) = ]/}.
Thus,

63 {(%1,4@2,4@3) € N X N x N:O’t (A

Z4’L1%2’VL3

—4r+e)<1-
y or u, (Ain1n2n3 -7 I[‘+$) >y and
Df(AZn nipns i,lr+e)2y}=0.

Consequently, it is shown that z € §¢ —r — LIM (Ainlnzng)'

Definition 3.4 Let (JC, 04 My Ay, *,o) be a Neutrosophic Normed
Spaces. For some r € [0, ), every € > 0 and y € (0,1),

8 { (ny,mpms) ENXNxNio(By, ,  —2r+e)>1-

y and x, (Ainlnm -7, T+ 8) <y and ¢ (Azn ngny BT T
s) <y}#0,

then, z is termed rough statistical cluster point of (inlnzng). It is
denote with s¢ —r — Acls point of (2, ,,n,). Let C’IFZMW13 is

demonstrated the set of each st — r — Acls point of (Z,,_,,,,) in
(JC, O My, Af, *,0).

Theorem 3.2 Let (X043, 3, min, max) be a Neutrosophic
Normed Spaces, (Z,,,,.,x,) be atriple sequences. Then, for some rr €
[0, ), every € > 0 and y € (0,1) the set Ch, is closed.

11213
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Proof Let Cf, # @ be taken as the proof for Cj, =@is
Z Zninyng

N1NPN3
clear. Now, choosing (unmzns) = Cginm«% and
r _%1,’ll’£zln3—>oo u4’L14’L24’L3 = u If ue Cg iS proven. If we use

Znqinyng
definition of rough convergence of sequences, for every € > 0 and
y € (0,1) , there exists ny € N such that for m,n,o > n,,

ot (Ai%rﬂz’% U g) >1-y, Hu (Ai%rﬂz’% - g) <Y and

2 (A - ui) <y. Choosing 71 € N where 7 >n, So,

Z4’L14’L24’L3

crt(iﬁ—u,g)>1—y,zu(2ﬁ—u,§) <y and Df(iﬁ—u,§)<y.
Using (w,n,n,) S CA , it is written z; € CJ, .So
nan3 “

i’nl n1Nn2n3

83 ({(nl,nz,n3)eNxNxN:at(A —iﬁ,lr+§)>1—

i/rLlfVszrLg
, € p £

Y, My (Ainmm —Zz T+ 5) <y and 2y (Ain1n2n3 — Zz, T+ 5) <

y}) * 0.

Taking

(4/\1;’ 4/\6' 4/\1’5) € {(/n’llnzf/n’3)

&
ENXNXN:ioy (8, ~tar+z)>1-7,

y, (Ai%mz%3 —Z7 T+ g) <yand 1 (Aiﬂlnzn3 —Z7 T+ §) < y}.
Hence, it is written that

0y (Ainvlnvz% — 75T + %) >1—v, 1y, (Azrﬂvlﬁznv3 — 7, T+ g) <yand
2 (Aih’lﬁ’zﬁg — 75, T+ %) < y. Then, similarly

or (Az'nvﬁszg -u,TI+ e) >1—y,ny (A%WZW3 —u, r+ s) <y and
I (Aih’lﬁ’zﬁg —u, r+ s) <y.

Then,
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(711, 705, 713) € {(”7/1/”2:”7/3)

€ NxNxN:at(A%WZWS —u,1r+e) >1-y,
n, (A%WZW3 —u, r+ 8) <yand I (Ainvlnvznv3 —u, r+ e) < y}.
So,
8 ({ (nymyms) eNXN X Niog (B 2z +5)>1-
Y, "y (Azrﬂvwvzﬂv3 —Z7 T+ g) <y and2f (Ainvﬂfz"fs — 7y T+ %) <
y}) < 63 ({ (nq1,m7,1n3) ENXN X N: 0, (A%ﬂrzn? —-u,r+ %) >
1—y,zu(Ainlez%v3—u,1r+§)<y ande(AinvlnvZ%—u,]r+
) <))
Using definition of natural density
O3 ({ (n,,m,,13) ENXNXN:0, (Ainvlnvznv3 —u,1r+§) >1-

& &
Y, Mu(Ainvwvznvs—u, ]r+§)<y and Df(Aiaq«rZ@_u'E+§)<
y}) * 0.
So, u € Cy,

ninang

Theorem 3.3 Let (Z,,n,s,) is a triple sequences in (X, oy, 3,3y,
min, max) then the set St — r — LIM (Ain1n2n3) is convex.

Proof
For Z;,Z, € St — I — LIM (Ainmng)' €>0and some 0 <a <1, it

will be shown that ((1 — a)y; + ay,) € St —r — LIM (A . Let

in1”2"3)

R, R be defined in next form:
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, T+e¢
R= {(m,nzmz) €NXNXN:og (Ainmna O a))

<1-vy or
, r+e
Hu (Ai’ﬂ”ﬂ% e a))
> d:(A o )> }
=V ANCBlnyngny ~ 2030 ) =YY
Then,
_  T+e
R ={(ny,nym5) € NXNxN:o (4 — iy —)
N1N2N3 3a

<1l-y or
A , They 42 (A , They
%u( bnyngng L2 3a ) =Yyan f( bnyngny 22 3a ) - )’}-
Using 7,,Z, € St — T — LIM (Ain1n2n3), it is written &3(R) =
83(R) = 0. Let (717, 713, 73) € R° N R¢, then

oy (Ain1n2n3 - (A - )2, +az,), T+ e)

=0t <(1 —a) (Ai”ﬂl”ﬂz”a B il) ta (Ai%rﬂz”’% B 22) T
+e)

> min {O’t <(1 —-a) (Ain1n2n3 — 21) .ETH) , 0t (a (Ain1n2n3
-22).55)

o 5]

>1-7Y,
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ny, (Ain1n2n3 —((1 - @)%, + az,),T + e)
=1y <(1 —a) (Ain1n2n3 - 21) +a (Ain1n2n3 - iz) T+ s)

,\ I'+e
< max {%u ((1 - (Z) (Ainlnz’ng - Zl) "o );J’fu <C¥ (Ai/nlnz/ng

_22),E;£)}<y

and

2 (Ainmz% — (1 - @)Z, + az,),T + e)

=2 ((1 -a) (Ainwzng - il) +a (Ainln2n3 - 22) T+ £>

,y T+ ),
< max {Df ((Ai”ﬂwz% - ) 23.1 ga)) ( (Ajn1n2n3 - Zz),]r y g)}

<.

Then, it is written that

55 ({(/nl,/nz,/ng,) €NxNxN:o, (A —((1-a)%, +

Z’VL14’L24’L3
az,),T + 8) <l-yor %u(in1n2n3 -(1-
a)z; +azy),r+e)=1—y and 2 (Ainlw13 -(1-a)2y +
azy),r+ s) >1- y}) = 0.

Consequently, ((1 — @)z, + az,) € St —r — LIM (A%nm). So,

it is shown that the set St — r — LIM (A ) is convex.

in 1non3
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Theorem 3.4 Let (X,04,3, 32, min, max) be a Neutrosophic
Normed Spaces, (Z,,,n,) be a triple sequences. For some rr > 0,
y € (0,1) and afixedw € X,

o(lw,y,T) = {inmzng:”t (Ain1n2n3 —-w, Ir)

>1—y,xu(A —W,H‘)S)/,

z"11412”3

I (Ainﬂ‘z’% -wW II‘) = V},

also,

o(w,y, ) = {in1n2n3:at (Ain1n2n3 —-w, I[‘)

>1—y,n, (A —W,]r)

2"1”2”3

<72 (Ain1n2n3 —-w, I[‘) < y}.

Then,
Ca, = U o(w,y,T)
ninyng
WecAin1”2”3
Proof

LetZ € Uwec‘z'nm
there exists w € C

a(w,y,1). For some r > 0and given y € (0,1)
3

by such that o,(w—21)>1—-7%, 2,(Ww—
z,1) <yand;(w—7T) <.

Then, forT > 0ifweusew € C N then there exists a set

Znynyn

P =(nqynyn3) ENXNXN: ¢, ( Ain1%2n3 —w, 11")
>1—vy,xy (Ain1%2ﬂ3 —-w, 11') <y,

Df (Ainwzns W II‘) <Y

and 85(P) # 0. So, for (11, n,13) € P,

oy ( Ai%m% —w, T+ JT‘) = min {ovt (Ain1n2n3 —-w, I[_‘) ,oe(w —

i,lr)}>1—y,
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Hy ( A2n1n2n3 —w, I+ IT)

< max {%u ( Ain1n2n3 —w, i‘),%u (w—1%71) } <y
and
2 ( Ain1n2%3 —w, I+ ]I_‘)

< max {Df ( Ain1n2n3 —-w, 11_‘) ,2r(w —2,T) } <vy.
From hence,
53{((n1,n2,n3) ENXNXNop (B, ~5T+T)>1-

2411412%

Y,y ( Ain1n2n3 —-7,T+ 1?) <y and

3 (84, ~Hr+E)<y)} 20

s T i A ) r
Thus, z € Cinmw and then UWECAZ’ﬂm%z o(w,y, ) C Cinlnm'
It is easily demonstrated from definition that C; ny S
n1nyn
UWECAi O-(W' Y, ]r)
n1n2Nn3
Theorem 3.5

Let (%, 1,n,) be atriple sequences in (X, o, 3y, 2y, min, max) and
(in1n2n3) Is statistically convergent to z. For some r > 0, there
existsy € (0,1) :

St —r—LIM (A )=a(y,y,1r).

i’VLlfl’szl’Lg
Proof

For 4~ > 0, if we use statistical convergence of (%, ,,n,), there
exists

T ={(ny,n,,n3) €ENXNXN: o0, (Ainm%3 - i,fﬁ) <1-
Y or iy, ( Biryiyny ~ 2 ff‘) =Y

and 3 (A — %) =y} and §;(T) = 0.

2/n1n2n

Lets € o(z,y,1) and for (124, m,,13) € T, then
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oy ( Ain1n2n3 — s, T+ 1'1‘) >1—y,x1, ( Ain1n2n3 —s, T+ 1'1") <y and
2 ( Ain1n2n3 —s,Ir+ l'I") <y.
That is sESt—rr—LIM(A So, o(zy,r)cSt—r—
LIM (Ainmng). Furthermore,

St—lr—LIM(A

Zninyns )

) c o(%zy,r). Consequently, S8t —r—

2%1%2%3

LIM (Ainmm) = a(%,y,1).

4. CONCLUSION

Rough convergence is an important concept for the fields of fuzzy,
intuitionistic fuzzy and neutrosophic theory. We carry forward the
notion of coarse statistical convergence defined on Neutrosophistic
normed spaces using triple difference sequences. Thus, we extend
some important well-known results. Important topological
properties of the set of coarse statistical limit points are given.

Acknowledgement
| would like to thank the editors and referees.

294~



REFERENCES

Adhya, S. & Deb Ray, A. (2022). On weak G-completeness for fuzzy
metric spaces. Soft Computing, 1-7.

Akcay, F. G., & Aytar, S. (2015). Rough convergence of a sequence of
fuzzy numbers. Bull. Math. Anal. Appl, 7(4), 17-23.

Antal, R. Chawla, M. & Kumar, V. (2021). Rough statistical
convergence in intuitionistic fuzzy normed spaces. Filomat, 35(13),
4405-4416.

Atanassov, K. (1986) Intuitionistic fuzzy sets, Fuzzy Sets and
Systems, 20(1), pp.87-96.

Aytar, S. (2008), Rough statistical convergence, Numer. Funct.
Anal. Optimiz. 29(3-4) 291-303.

Bilgin, N. G. & Bozma, G. (2020). On Fuzzy n-Normed Spaces
Lacunary Statistical Convergence of order «a . i-Manager's Journal
on Mathematics, 9(2), 1.

Bilgin, N. G. & Bozma, G. (2021). Fibonacci Lacunary Statistical
Convergence of order y in IFNLS.

Bilgin, N. G. (2022). Rough statistical convergence in neutrosophic
normed spaces. Euroasia Journal of Mathematics, Engineering,
Natural & Medical Sciences, 9(21), 47-55.

Bilgin, N. G., (2022). New Kinds of Statistical Convergence on
Neutrosophic Normed Spaces, Math Sciences in International
Research, Egitim Publishing.

Chandra Das, P. (2018). Fuzzy normed linear sequence space.
Proyecciones (Antofagasta), 37(2), 389-403.

Coskun, E., (2000), Systems on intuitionistic fuzzy special sets and
intuitionistic fuzzy special measures, Information Sciences, 128,
105-118.

--295--



Debnath, S. & Subramanian, N. (2017). Rough statistical
convergence on triple sequences. Proyecciones (Antofagasta), 36(4),
685-699.

Granados, C. & Dhital, A. (2021). Statistical convergence of double
sequences in neutrosophic normed spaces. Neutrosophic Sets and
Systems, 42, 333-344.

Granados, C. & Das, S. (2022). On (A, p, {)-Zweier ideal
convergence in intuitionistic fuzzy normed spaces. Yugoslav Journal
of Operations Research.

Kausar R, Farid HMA, Riaz M, Gonul Bilgin N. Innovative CODAS
Algorithm for g-Rung Orthopair Fuzzy Information and Cancer Risk
Assessment. Symmetry. 2023; 15(1):205.

Kirisci M. and Simsek N., (2020) Neutrosophic normed spaces and
statistical convergence,The Journal of Analysis, 1-15.

Kisi. O. & Gurdal, V. (2022). On Triple Difference Sequences of
Real Numbers in Neutrosophic Normed Spaces. Communications in
Advanced Mathematical Sciences, 5(1), 35-45.

Kisi, O. (2021), Ideal convergence of sequences in neutrosophic
normed spaces. Journal of Intelligent & Fuzzy Systems, (Preprint),
1-10.

Phu H.X., (2001), Rough convergence in normed linear spaces,
Numer. Funct. Anal. Optim. 22(1-2) 199-222.

Smarandache, F. Neutrosophy, Neutrosophic Probability, Set, and
Logic, ProQuest Information and Learning. Ann Arbor, Michigan,
USA, 1998.

Sahin, M. & Kargin, A. (2017). Neutrosophic triplet normed space.
Open Physics, 15(1), 697-704.

Sahiner, A. Gurdal, M. & Duden, F. K. (2007). Triple sequences and
their statistical convergence. Selcuk J. Appl. Math. 8(2), 49-55.

Zadeh, L.A. (1965) Fuzzy sets, Information and Control, Vol. 8, No.
3, pp.338-356.
--296--



Olmez, O., & Aytar, S. (2021). On the rough hausdorff
convergence. Sigma: Journal of Engineering & Natural
Sciences,39.

Malik, H. M., & Akram, M. (2018). A new approach based on
intuitionistic fuzzy rough graphs for decision-making. Journal of
Intelligent & Fuzzy Systems, 34(4), 2325-2342.

Demir, N. & Gumus, H. (2022). Rough statistical convergence for
difference sequences. Kragujevac Journal of Mathematics, 46(5),

-297-



CHAPTER XIV

Approximate Fixed Point Property for Intuitionistic
Fuzzy R- Contraction Map in Intuitionistic Fuzzy
Normed Spaces

Lale CONA!

Introduction

Max Planck made the first statements about the concept of
uncertainty in 1930. Zadeh, an Azeri origin, University of California
professor and also an Electrical and Electronics engineer, whose real
name is Lotfi Askarzadeh, clarified the concept of uncertainty
(Fuzzy Sets) in 1965 in his article titled. In other words, the concept
of fuzzy set was systematically introduced for the first time
scientifically by Zadeh in 1965 (Zadeh, 1975). This concept has been
topologically analyzed by many authors. The connection of many
important concepts in classical topology with the concept of fuzzy

! Gumushane University, Faculty of Engineering and Natural Sciences, Depattment of
Mathematical Engineering, Gumushane, lalecona@gumushane.edu.tr, Orcid: 0000-
0002-2744-1960
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set started with the definition of fuzzy topological space by Chang
in 1968 (Chang, C. L., 1968). George and Verammani modified the
concept of fuzzy metric space introduced by Kramosil and Michalek.
They described the Hausdorf topology of fuzzy metric spaces with
important applications in quantum particle physics (Kramosil and
Michalek, 1975).

Atanassov expressed the membership degree of each member
of a set. According to him, the sum of the degree of membership of
each element must be equal to or less than 1. Thus, he introduced the
concept of " Intuitionistic fuzzy set"”, which is a generalization of the
concept of fuzzy set (Atanassov, 1986). Also, in the literature t-norm
and t-conorm were defined by Schweizer and Sklar. Park, defined
the intuitionistic fuzzy set and the intuitionistic fuzzy metric space
associated with the fuzzy metric space by using the concepts of
continuous t-norm and continuous t-conorm (Park, 2004).
Nowadays, a lot of work is being done on the concept of intuitionistic
(Karakaya, et al, 2012; Ertiirk and Karakaya, 2013; Ertiirk and
Karakaya, 2014).

Abu Osman deals with Banach's fixed point theorem (Banach,
1922) in fuzzy metric spaces (Abu Osman, 1983). Then, researchers
such as Grabiec (Grabiec, 1988), George and Veermani (George and
Veermani, 1997), Gregori and others (Gregori and Romaguera,
2000; Gregori and Romaguera, 2004; Gregori et al, 2016), Hadzic
and Pap (Hadzic and Pap, 2002). Studied the fixed point theorem
and other properties of fuzzy metric spaces. Recently, many
researchers continue to work in this field. Along with all these
developments, the new definitions made in the contraction
transformation have brought many fixed point theories to the
literature both in classical metric spaces and fuzzy metric spaces.
Let's give some recent studies for fixed point theory in fuzzy metric
spaces: (Cho et al, 2018; Sedghi et al, 2018; Mahmood et al, 2019;
Wang et al, 2019; Tiwari and Som, 2019).

On the other hand, although there are many problems that can
be solved with fixed point theory in applied mathematics, it is not
always easy to prove the existence of a fixed point. In fact, looking
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at applications, an approximate solution seems to be more than
sufficient in many real-world situations. The existence of fixed
points is therefore not strictly necessary, the existence of “nearly”
fixed points is necessary. Naturally, the concepts of e-fixed point (or
approximate fixed point) which is an “nearly” fixed point and a
function with approximate fixed point property have been introduced
and a suitable theory has been obtained about them (Berinde, 2007).
The approximate fixed point concept, which was first given in
classical metric spaces, was then rapidly developed in fuzzy metrics
(Anoop and Ravindran, 2011; Pacurar, M. and Pacurar, R.V. 2007,
Dey and Saha, 2013; Ertiirk et al, 2022).

In this study, approximate fixed point theory in intuitionistic
fuzzy normed space is emphasized. intuitionistic fuzzy versions of
some maps available in classical analysis are described. In addition,
it has been investigated under which conditions these maps have
approximate fixed point properties.

2. Material and Method
Definition 2.1: Let (X, d) be a metric spaceand T: X - X amap. T
is called contraction map if for Vx,y € X such that

d(Tx,Ty) < 2d(x,y)

where 1 € [0,1) real number (called the contraction ratio) (Berinde,
2007).

Let us give the definition of contraction map studied by Reich
(Reich and Kannan, 1971).

Definition 2.2: Let (X,d) be a metric space, T: X - X a map. T is
called R —contraction operators if for Vx,y € X such that

d(Tx,Ty) < ad(Tx,x) + bd(Ty,y) + cd(x,y)

where non-negative numbers a, b, c satisfyinga + b + ¢ < 1.
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Definition 2.3: Let X # @ beasetand T: X — X be any map. If there
is an x € X such that T(x) = x, this point x is called the fixed
point of T. And the set of all fixed points of T is denoted by F(T)
(Banach, 1922).

Now, let’s state the Banach fixed point theorem (Banach, 1922).

Theorem 2.4: If (X, d) isacomplete metricspaceand T: X — X is
a contraction map,

i) T has one and only one fixed point x € X.

i) For any x, € X, iteration sequence T™"x, (ie iteration sequence
(x,,) defined by x,, = Tx,,_, for all n € N) converges to unigue
fixed point of T

Definition 2.5: Let (X,d) be a metric space and f: X - X, ¢ >
0,x, € X. Then x, is an € —fixed point (approximate fixed point) of

fif
d(f(xg), x0) < &.

We will be expressed the set of intuitionistic fuzzy & —fixed points
of f by

F.(f) ={x € X: xisane — fixed points of f },
(Berinde, 2007).

Now let's first express the concepts of fuzzy metric, intuitionistic
fuzzy metric, fuzzy norm and intuitionistic fuzzy norm. Then let's
give the necessary basic concepts that will be used throughout the
study.

Definition 2.6: Let = : [0,1] x [0,1] — [0,1] be a binary operation.
We say that * operation is a continuous t-norm If this * operation
satisfies the following conditions;
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I-) * is associative and commutative

ii-) * iscontinuous,

iii-) a*1=a,

Vi-) a*b <cx*dwhenevera <candb <d,

for each a, b, c,d € [0,1] (Schwiezer and Sklar, 1960).
For example,a * b = a.b and a * b = min{a, b} are t —norms.

Definition 2.7: Let X be a non-empty set and is * operation is a
continuous t —norm and M: X2 x (0, 0) — [0,1] a map. If the listed
conditions are satisfied for all x,y,z € X and t,s > 0 then the triple
(X, M,*) is said to be a fuzzy metric space

i-) M(x,y,t) >0,

i) M(x,y,t) =1 x=y,

iii-) M(x,y,t) = M(y, x,t),

iv-) M(x,y,t) * M(y,z,s) < M(x,z,t+s),
v-) M(x,y, +):(0,00) — [0,1] is continuous,

(George and Veermani, 1997).

Definition 2.8: Let ¢ a binary operation. ¢: [0,1] x [0,1] — [0,1] is
a continuous t —conorm if it provides the following properties;

I-) 0 is commutative and associative,

ii-) ¢ is continuous,

iii-) a0 0=a,

iv-) a0 b <cO0dwhenevera <c,b<d

for each a, b, c,d € [0,1] (Schwiezer and Sklar, 1960).

For example, a 0 b =min{a + b,1} and a ¢ b = max{a, b} are
t —conorms.
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Definition 2.9: A five-tuple (X,u,v,%,0) is said to be an
intuitionistic fuzzy metric space if X is an arbitrary set, * is a
continuous t-norm, ¢ is a continuous t —conorm and y, v are fuzzy
sets on X2 x (0,1), satisfying the following conditions for all
x,y,zZ € X, s,t > 0,

i) ulx,y,t) +vix,yt) <1,

ii-) u(x,y,t) >0,

iii-) u(x,y,t) = Lifandonly if x = y,

iV-) Au'(x! Y, t) = .U()’» X, t)a

v-) uC,y,t) «pu(y, z,s) < plx,z,t +5),
vi-) u(x,y,) : (0,0) = (0,1) is continuous.
vii-) v(x, y, t) < 1,

viii-) v(x,y,t) = 0ifandonly if x =y

ix-) vix,y,t) =v(yxt),

x-) vix,y,t) 0 v(y,z,s) =v(y,zt+s)
xi-) v(x,y,) : (0,00) = [0,1) is continuous.

Then (u, v) is called an intuitionistic fuzzy metric on X. Here, the
functions u(x, y, t) and v(x, v, t) denote the degree of nearness and
the degree of nonnearness between x and y with respect to t,
respectively (Schwiezer and Sklar, 1960).

Definition 2.10: Let X be a linear space over the field FF (real or
complex). A fuzzy subset N on X X (0, o) is called a fuzzy norm on
Xifandonlyifx,y€e X;a€Fand t,s >0

i-) N(x,t)>0,

i) N ) =1 x=0,

iii-) N(ax,t) = N (fod) foralla # 0,
iv-) N(x,t) * N(y,s) < N(x + y,t + 5),
v-) N(x,”) : (0,00) = [0,1] continuous,
Vie) lim N(x, ) = 1.
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The pair (X,N) is said to be a fuzzy normed space linear space
(Saadati and Vaezpour, 2005).

Definition 2.11: If X is a non-empty set * operation is a continuous
t —norm, ¢ operation is a continuous t —conorm and X be a linear
space over the field F (Ror C). If u,v sets are fuzzy sets on
X X (0,00), if the following conditions, the five-tuple (X, i, v,%,0)
is called an intuitionistic fuzzy norm space and the (u, v) pair is
called the intuitionistic fuzzy norm on X. Forall x,y € X and s, t >
0

i) ulxt) +vixt) <1,
ii-) ulx,t) >0,
iii-) u(x,t) =1ifandonly if x = 0,

; — t
iv-) plax,t) =pu (x, Ial) fora 0,

v-) ulx,t) *u(y,s) <pulx+y,s+t),
vi-) u(x,) : (0,00) — (0,1] is continuous,
vii-) }im u(x,t) =1and ltirr(}u(x, t) =0,
viii-) v(x, t) < 1,
ix-) v(x,t) =0ifandonlyift =0,

— t
x-) v(ax,t) =v (x, Ial) fora # 0,

Xi-) v(x,t) 0 v(y,s) =vix+y,s+t),
xii-) v(x, ) : (0,0) - [0,1) is continuous,
Xiii-) tlim v(x,t) = 0 and %irrol vix,t) =1,

also, we assume that of (X, u, v,*,0) intuitionistic fuzzy norm space
satisfy the following condition

Xiv-) axa=a,a0a=aforalae(0,1],

(Saadati and Park, 2006).
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3. Results

In this section, first the definition of the approximate fixed
point property will be given. Later, basic concepts in intuitionistic
fuzzy normed spaces will be introduced. Then, the intuitionistic
fuzyy R —contraction map will be defined and it will be proven
under what conditions it provides the approximate fixed point

property.

Definition 3.1: A sequence (xi) in (X, u, v,%,0) converges to x if
and only if

ulxy —x,t) » 1and v(x, —x,t) - 0

as k — oo, for each t > 0. We denote the convergence of (x;) to x
by x,, X (Saadati and Park, 2006).

Definition 3.2: Let (X, i, v,%,0) be an intuitionistic fuzzy normed
space. A sequence (x;) in X is said to be a Cauchy sequence with
respect to the intuitionistic fuzzy norm (u, v) if, for every € € (0,1)
and t > 0, there exists k, € N such that u(x;, — x,,) > 1 — ¢ and
v(xg — %) < € for all k,m > k, (Saadati and Park, 2006).

Definition 3.3: Let (X, u, v,*,0) be an intuitionistic fuzzy normed
space. (X, u, v,*,9) is said to be complete if every Cauchy sequence
in (X, u, v,%,9) is convergent (Saadati and Park, 2006).

Definition 3.4: Let X and Y be two intuitionistic fuzzy normed
space. f:X - Y is continuous at x, € X if (f(xk)) in Y
convergences to f(x,) for any (x;) in X converging to x,. If
f:X = Y is continuous at each element of X, then f: X — Y is said
to be continuous on X (Mursaleen and Mohiuddine, 2009).

Lemma 3.5: Let (u,v) be intuitionistic fuzzy norm on X. The
followings hold:
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i-) u(x,”) and v(x, ) are nondecreasing and nonincreasing for all x €
X, respectively,

i-) u(x —y,t) = u(y —x,t) and v(x — y,t) = v(y — x,t) forany
t>0,

(Saadati and Park, 2006).

Definition 3.6: Let (X, 1, v,%,0) be an intuitionistic fuzzy normed
space and f: X — Y be a function. For a given € > 0 it is said that
Xo € X isan intuitionistic fuzzy e —fixed point or approximate fixed
point of f if

u(f(x0) — xo,t) > 1 —eand v(f(xo) — xo,t) < €

for all t > 0. We denote the set of intuitionistic fuzzy ¢ —fixed
points of £ with F“”)f (Ertiirk et al, 2022).

Definition 3.7: Let (X,u, v,%,0) be an intuitionistic fuzzy normed

space and f: X — X be a function. It is said that f is intuitionistic
fuzzy asymptotic regular if

lim p(f**1(x) - f¥(x),6) =1 and lim v(f**(x) —
fE), =0

for every x € X and t > 0 (Browder and Petryshyn, 1966).

Definition 3.8: It is said that f has the intuitionistic fuzzy

approximate fixed point property if Fs(“’”) (f) isnotempty for every
e > 0 (Ertiirk et al, 2022).

Theorem 3.9: Let (X, i, v,x,0) be an intuitionistic fuzzy normed and
f:X — X be a function. If f has intuitionistic fuzzy asymptotic
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regular, then f has intuitionistic fuzzy approximate fixed point
property (Ertiirk et al, 2022).

Let's first define the intuitionistic fuzzy version of the map class
given in Definition 2.2.

Definition 3.10 (Intuitionistic Fuzzy R — Contraction Map):
(X, u,v,%,0) be an intuitionistic fuzzy normed space. We call the
map T: X — X intuitionistic fuzzy R —contraction map, if there is
a+ b + ¢ < 1 number such that

u(T(x) = T(y),t)
)bl ) a2
v(T(x) = T(y), t)

< v(T(x) —x,é) OU(T(J’) _3"%) Ov(x_yé)

forall x,y € X and t > 0.

In the following theorem it will be proved that the intuitionistic fuzzy
R —contraction map satisfies the approximate fixed point property.

Teorem 3.11: Let (X, u, v,%,9) be an intuitionistic fuzzy normed
space havig partial order relation denoted by <« ,where a xb =
min{a, b} and a ¢ b = max{a, b} and T: X — X be an intuitionistic
fuzzy R — contraction map satisfying x < Tx for every x € X .
Assume that <c X x X holds one of the following conditions:

i) issubvector space.

i) X isatotally ordered space.
If u(-,t) is non-decreasing, v(-,t) is non-increasing for all t €
(0,4), x >» 6 (6 is unit element in vector space X ), then

F;(””’)(T) + @ for every € € (0,1).
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Proof: Letx € X and € € (0,1), t > 0. Also, let's assume that a >
b > c. If the intuitionistic fuzzy R —contraction map of T and the
intuitionistic fuzzy normed space properties are used, we have

(T ) = TR (), 0) = p (T(T51 @) = T(T() ). ¢
> 1t (TG = 74260, =) (14100 = T4, 1)
o (TG = T4 o), )
> 1t (TG0 = TH160, =) e u (TH4100) = T4 (), )
‘i (Tk—l(x) - Tk(x),é)
—u (Tk(x) - Tk‘l(x),é) ‘o (T"“(x) - T"(x),é)
= min{u (TG0 ~ 77100, = ) (T4 (0) - 7o), )]
> (T4
— Tk_l(x),é)
=u (T
— T"(x),£>
= u (T(Tk—z(x))
- T(T"‘l(x)),é)
> u (Tk—l(x) — T"‘z(x),%) * U (T"(x) - T"‘l(x),é)
e (T2 — TR 00,
> (1410 - Tk‘z(x),a—t2> ‘it (Tk(x) - T"—l(x).a—tz)

(1200 - T (), )
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= 1 (T = TH200, )
(TG0 - Tk‘l(x),%)
= min {ﬂ (Tk—l(x) - Tk‘z(x),%), p (Tk(x)
)
= (TG0
=u (T

_ Tk_l(X),é)

> U (x - T(x),%)

fork - oo, % — oo by a € (0,1), properties (vii) of intuitionistic

fuzzy norm

I ( TG, ~) =1
vt x 'a") B
that is

,ll_r)glo u(Tk(x) = T (x),t) = 1.
(1)

On the other hand,
v(T*(x) = T (x),t) = v (T(Tk‘l(x)) — T(Tk(x)), t)
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< v (T*(0) - T"‘l(x),é)
0w (T - Tk(x)%)
0w (T - Tk(x)é)
< v (T - T"‘l(x),g)
0w (T - T"(x),%)
0w (10 - T"(x),%)
= v (T*() - 74100, )

Ov (T"“(x)
o)
= max {v (Tk(x) - T"‘l(x),g) U (Tk“(x)
o)
=v(rw
o
=v (Tk_l(x)
o)

v (T(Tk_z(x))
- T(Tk‘l(x)),g)
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t
0v (T"‘z(xgl - Tk—l(x),ciz)
< v (110 = 74200, =) 0 v (T4 = TH100, )
0w (T2 - Tk—l(x),ciz)
= v (1% - Tk-Z(x),Ciz)
v (Tk(x)
= max fo (14100 - 200, ), (174G

< v (110 = 74200, —) 0w (TG - T+ (),

<v <Tk‘1(x)
=v <Tk‘2(x)

_ Tk—l(x)'CLz)

<v (x - T(x),cik)

fork - oo, Cik — oo by ¢ € (0,1), properties (xiii) of intuitionistic

fuzzy norm
lim v (x - 70, =) = 0
kl_r)glo‘l] X x'ck =
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that is

’ll_r)glo v(T*(x) — T**1(x),t) = 0.
(2)

It follows that Fg(“'”)(T) + @ for every € € (0,1) by Theorem
3.9 and equalities (1) and (2). Hence, the intuitionistic fuzzy
R —contraction map satisfies the approximate fixed point property.

Conclusion

In this study, intuitionistic fuzzy version of the R —contraction
map used in fixed point theory is defined. It has been proved under
which conditions this map provide the approximate fixed point
property. In intuitionistic fuzzy normed spaces, the approximate
fixed point property can also be investigated for different map
classes.
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